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Abstract

In many models for disperse two-phase flows, the pressure of the disperse phase is often assumed to be the same as that
of the continuous phase, or differ only by an amount caused by the surface tension. This type of model is referred to as an
equilibrium pressure model. Recent research indicates that the stress difference between the phases caused by dynamics of
the motion can be significantly important in the modeling of disperse two-phase flows. Although this difference is still
ignored in most calculations of disperse multiphase flows for various reasons, when an equilibrium pressure model is
applied to continuous multiphase flows, a conceptual difficulty arises. For instance, the equilibrium pressure model cannot
be used to study the tensile break of a sponge with interconnected pores, because the air in the pores can never go into
tension while the sponge material does not break without tension.

To avoid this conceptual difficulty, a multipressure model is introduced for continuous multiphase flows by analyzing
and then modifying the implicit assumption about the volumetric strain rates involved in the equilibrium pressure model.
Numerical implementations of the multipressure model are discussed. An example using the multipressure model is
presented.
Published by Elsevier Ltd.
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1. Introduction

Considerable work has been devoted to the study of disperse multiphase flows, in which there is only one
continuous phase and all other phases are in forms of particles, droplets and bubbles with sizes small
compared to the macroscopic length scale of the flow. A continuous multiphase flow, in contrast, contains
more than one continuous phase occupying regions or forming interconnected networks with length scales
comparable to the macroscopic length scale of the flow. There are relatively few studies conducted on
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continuous multiphase flows as compared to the number of studies of disperse multiphase flows. Part of the
reason for this is the difficulties related to the description of the morphology of continuous multiphase flows.

Advances in the materials manufacturing industry have produced many interesting composites with contin-
uous or interpenetrating material phases (Wegner and Gibson, 2000; Feng et al., 2003). On the numerical
front, advances of the particle-in-cell method (Harlow and Amsden, 1991; Sulsky and Brackbill, 1991; Cum-
mins and Brackbill, 2002) enable the computational study of fluid–structure interactions using the method of
multiphase flows (Ma et al., 2005). In this method the solid and fluid are treated as interpenetrating two-phase
flows. The stresses in the solid and in the fluid are governed by different constitutive relations. All of these
developments enable the study of continuous multiphase flow or the deformation of the interpenetrating com-
posite materials.

One of the most important differences between the disperse and continuous multiphase flows resides in the
character of phase interactions. It has been shown that the phase interactions go beyond the exchange forces
(such as drag, added mass force etc). In addition to the surface tension effects, the difference in the average
stresses between the phases results from the dynamics of phase interactions. This dynamical part of the stress
difference has important consequences to a multiphase flow. The dynamical part of the pressure difference for
potential flows was first studied by Stuhmiller (1977). Later, Zhang and Prosperetti (1994) found that phase
interactions not only result in the pressure difference but also a stress in a potential flow. For low Reynolds
number flows the dynamical stress difference is related to effective viscosity (Zhang and Prosperetti, 1997).
Despite its importance (Hwang and Shen, 1989; Sangani and Didwania, 1993; Prosperetti, 1999), the dynam-
ical part of the stress difference is largely ignored in calculations of disperse multiphase flows. Part of the rea-
son for ignoring this important part of the stress difference is related to the uncertainties (Sundaresan, 2000) in
the models for disperse multiphase flows. The other part of the reason is that it does not result in obvious
conceptual difficulties in disperse multiphase flows. Models with the dynamical part of the stress or pressure
difference ignored are referred to as equilibrium pressure models. In continuous multiphase flows, the dynam-
ical part of the stress difference can no longer be ignored. The example of a sponge made of elastic material in
tension with fluid-filled pores illustrates the critical nature of the stress difference.

In this paper, instead of examining the full tensorial stress difference, we focus only on the pressure differ-
ence, or isotropic component of the stress difference. The first reason for this choice is that the pressure is
directly related to the volumetric strain of the material and that the continuity condition provides a constraint
to the rates of volumetric deformations. We examine the consequence of this constraint in this paper. The sec-
ond reason is that, in many flows, such as the Rayleigh–Taylor mixing problem (Ramshaw, 1998), the motion
is dominated by the inertia and pressure; and the deviatoric component of the stress can be neglected. The
third reason is, that the study of the isotropic component of the stress may provide guidance in the study
of the deviatoric components.

The pressure in a compressible material depends on the volumetric deformation. In many numerical calcu-
lations of multiphase flows the average phase pressure is not determined directly by calculating the volumetric
deformation of the material, rather it is determined by requiring that all volume fractions sum to one (Prosp-
eretti and Tryggvason, 2006). Therefore the numerical scheme implies a method of calculating the volumetric
deformations of the phases. In this paper, we study the assumptions involved in the method and then modify
them to reach a multipressure model while still satisfying the continuity requirement.

As an example, this multipressure model is then used in Section 6, to calculate the spalling of a porous solid
with interconnected pores in the presence of the air – a continuous two-phase problem. The pressure field for
the air and the stress field for the solid are calculated at the same time. This example shows that the multipres-
sure model introduced can be used to study fluid–structure interaction problems in the context of continuous
multiphase flows.

2. Averaged equations for multimaterial flows

Averaged equations for multiphase flows can be derived using a number of approaches. In this paper, we
extend the ensemble average approach used by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997).
In their approach the probability is defined in a phase space comprised of the coordinates and velocities of the
particle centers. In the study of continuous multiphase flows, such as turbulent mixing problems, the number
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of the degrees of freedom in the flow is not finite. The concept of the probability defined on the finite dimen-
sional phase space needs to be extended slightly. Such an extension (Drew and Passman, 1999) requires some
mathematical formality and a few concepts of real analysis. So that we are not burdened by mathematics, we
explain the ensemble average, the associated probability and the relation of the probability to the probability
density used by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) in Appendix A. The main con-
clusion from Appendix A is that the forms of the averaged equations derived by Zhang and Prosperetti for
systems with finite degrees of freedom are also correct for systems with an infinite number of degrees of free-
dom, and therefore are applicable to disperse multiphase flows with finite Reynolds number. For continuous
multiphase flows, however, the small particle approximation previously used is not applicable and needs to
abandoned. We study the consequence of this abandonment.

We consider an ensemble of flows and denote a flow belonging to the ensemble as F. Let Ciðx; t;FÞ be the
indicator function of phase i, such that Ciðx; t;FÞ ¼ 1 if the spatial point x is occupied by phase i in flow F at
time t, and Ciðx; t;FÞ ¼ 0, otherwise. The volume fraction hi of phase i at this point at time t is calculated by
averaging the values of the indicator functions over all possible flows in the ensemble.
hiðx; tÞ ¼
Z

Ciðx; t;FÞdP; ð1Þ
where
R
ð�ÞdP denotes the average over all possible flows in the ensemble.

The gradient of the volume fraction is calculated as
rhi ¼
Z
rCiðx; t;FÞdP: ð2Þ
The ensemble phase average hqii for a quantity qi pertaining to phase i is defined as
hihqiiðx; tÞ ¼
Z

Ciðx; t;FÞqiðx; t;FÞdP; ð3Þ
and its gradient is calculated as
hirhqiiðx; tÞ ¼ hihrqiiðx; tÞ þ
Z
½qiðx; t;FÞ � hqiiðx; tÞ�rCiðx; t;FÞdP; ð4Þ
after using (2).
For a velocity field ui(x, t) of phase i, by replacing qi with uiqi in (3), differentiating the equation with respect

to x and then adding the resulting equation to the partial time derivative of (3), we find the averaged transport
equation for the quantity qi
o

ot
ðhihqiiÞ þ r � ðhihuiqiiÞ ¼ hi

oqi

ot
þr � ðuiqiÞ

� �
þ
Z

_CiqidP; ð5Þ
after exchanging the time and spatial differentiation with the probability integral, where
_Ci ¼
oCi

ot
þ ui � rCi: ð6Þ
The last term in (5) represents a source or a sink to quantity qi due to phase change in the flows in the
ensemble.

The averaged mass conservation equation can be obtained from the averaged transport Eq. (5) by setting
qi ¼ q0

i , where q0
i is the material density, or the microscopic density, of phase i.
o

ot
ðhihq0

i iÞ þ r � ðhi~uihq0
i iÞ ¼

Z
q0

i
_CidP; ð7Þ
where ~ui is the Favre averaged velocity defined as ~uihq0
i i ¼ huiq0

i i.
By setting qi = 1 in (5) one finds the evolution equation for the volume fraction
ohi

ot
þr � ðhihuiiÞ ¼ hihr � uii þ

Z
_CidP: ð8Þ
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Adding r � ½hið~ui � huiiÞ� to both sides of (8), using (2) and the definition (3) of an averaged quantity we have
ohi

ot
þ ~ui � rhi ¼

Z
_CidP�

Z
ðui � ~uiÞ � rCidP: ð9Þ
Multiplying (9) by hq0
i i and then subtracting the resulting equation from (7) we have the averaged evolution

equation for the average of the microscopic density.
hi
ohq0

i i
ot
þr � ð~uihq0

i iÞ
� �

¼
Z
ðq0

i � hq0
i iÞ _CidPþ hq0

i i
Z
ðui � ~uiÞ � rCidP: ð10Þ
While the right hand sides of (9) and (10) can be written in mathematically simpler forms by using (6), in this
paper we choose to leave them in the forms presented above because in many cases, models for phase changes
are given for _Zi. Our task in this paper is to study constraints on the closures for the interface integralR
ðui � ~uiÞ � rCidP.

The multiphase flow momentum equation can be derived by setting qi ¼ q0
i ui in the transport Eq. (5) and

using the microscopic momentum equation for the material to find
o

ot
ðhihq0

i ieuiÞ þ r � ðhihq0
i i~ui~uiÞ ¼ hihr � rii þ r � ðhir

Re
i Þ þ

Z
_Ciq

0
i uidP; ð11Þ
where
rRe
i ¼ �hq0

i ðui � ~uiÞðui � ~uiÞi; ð12Þ
is the Reynolds stress resulting from velocity fluctuations. To further study the averaged momentum equation
we introduce an auxiliary macroscopic stress field rAi(x, t) defined for phase i. In different fields related to mul-
tiphase flows the choice of this auxiliary stress is different as we will discuss later. For any such stress the first
term on the right hand side of (11) can be written as
hihr � rii ¼ hir � rAi þr � ½hiðhrii � rAiÞ� þ f i; ð13Þ

where
f i ¼ �
Z
ðri � rAiÞ � rCidP: ð14Þ
Substituting (13) into the momentum Eq. (11) one finds
o

ot
ðhihq0

i i~uiÞ þ r � ðhihq0
i i~ui~uiÞ ¼ hir � rAi þr � ½hiðhrii � rAiÞ� þ r � ðhir

Re
i Þ þ f i þ

Z
_Ciq

0
i uidP: ð15Þ
The interfacial force fi defined in (14) depends on the choice of the macroscopic stress field rAi. The sum of the
interfacial force is
XM

i¼1

f i ¼ �
Z XM

i¼1

ri � rCidPþ
XM

i¼1

rAi � rhi: ð16Þ
The first term in (16) represents the effects of normal stress jumps, such as the surface tension, and is indepen-
dent of the choice of the stress rAi. In the studies of two-phase flow in porous media (Bentsen, 2003), the stress
is chosen to be the average stress of the phases, (rAi = hrii). All choices are allowed provided that the inter-
facial forces defined in (14) are modeled accordingly, although some choices may facilitate or complicate clo-
sure development for a given practical problem. For instance, for a particle suspension under gravity, one can
choose rAi to be zero for the particle phase, as long as the model for the interfacial force fi includes effects of
buoyancy.

A typical choice for the stress rAi in disperse multiphase flows is rAi = hrci, (i = 1, � � � , M) where hrci is the
average stress for the continuous phase. With this choice, under the assumption that the particle size is small
compared to the macroscopic length scale, the averaged momentum Eq. (15) can be written in the form
derived by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) as shown in Appendix B. Studying
one-dimensional Rayleigh–Taylor mixing, Glimm et al. (1999), and Saltz et al. (2000) introduced a
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two-pressure model in which rAi = 0 and the interfacial terms are modeled as proportional to $hi. For
instance, fi is modeled as p�irhi, where p�i is the pressure for phase i averaged on the interface. The gradient
in the volume fraction provides a natural length scale for the interfacial force. Apparently these models are
specifically devised for the Rayleigh–Taylor mixing problems, where the length scale in the problem is dom-
inated by the length scale represented by the inverse of the volume fraction gradient, and cannot be extended
easily to more general cases since the interfacial force is not necessarily zero when the gradient of the volume
fraction vanishes.

Depending on the choice of rAi, the averaged stress differences may or may not appear explicitly in the
momentum equations, but their effects are important from the point of view of multiphase flow theory.
The stress difference (related to the stress T in Appendix B) is not only related to important quantities, such
as effective viscosity in a Stokes flow (Zhang and Prosperetti, 1997), but also related to the characteristics of
the averaged equations (Prosperetti, 1999). However, in many numerical calculations of disperse two-phase
flows, especially for small particle volume fractions, the effect of the stress difference is neglected together with
the Reynolds stresses and the particle collision stress (Pan et al., 2000; Zhang and VanderHeyden, 2001).
When fine numerical meshes are used, such calculations can still produce results comparable to physical exper-
iments. This is seemingly contradictory to the previous statements about the importance of the stress difference
between the phases and can be explained by the effects of mesoscale structures in the multiphase flows. For
disperse two-phase flows with the particle scale small compared to the macroscopic length scale of the flow,
mesoscale structures often exist in the flow. Using a similar technique of deriving the averaged equations for
disperse two-phase flows, one can average the averaged equations again over the mesoscale (Zhang and Van-
derHeyden, 2002). A similar stress difference term representing the stress difference inside and outside of the
mesoscale structures appears in the double-averaged equations (see Eqs. (17)–(20) in that paper). The effect of
the average stress difference between the particle phase and continuous phase is overwhelmed by the stress dif-
ference inside and outside of the mesoscale structures. In other words, the stress differences between different
entities (between particles and continuous fluids or between inside and outside of mesoscale structures) in the
flow are always important but they manifest themselves at different scales. When fine numerical meshes are
used, the effects of the stress difference inside and outside the mesoscale structures are accounted for because
the mesoscale structures are resolved in the calculation.

For continuous multiphase flows, different phases occupy regions of all scales, the double-averaging
method cannot be applied. For these flows, the concepts, such as drag and added mass forces, need to be
reconsidered, if they can be meaningfully defined. Their relations to the interfacial force fi also need to be reex-
amined. Furthermore, for continuous multiphase flows, one has to explicitly consider the stress difference or
average stresses of the all phases.
3. Continuity constraint on volumetric deformation models

The average stress of the material is often directly related to the average deformation gradient or average
velocity gradient h$uii of the material. The average velocity gradient is not a primary variable in the averaged
equation system, but can be related to the gradient of the average velocity by using (4),
hihruii ¼ hirhuii �
Z
ðui � huiiÞrCidP: ð17Þ
Therefore to calculate the stress in multiphase flows, a closure to the interface integral in the last term of (17)
needs to be specified. The integral is a tensor. In this paper we focus on the study of the trace of this integral
and leave the study of the closure for the deviatoric components of the integral to the future. This choice is
based on the reason that the trace of this integral is related to the trace of h$uii and the pressure and temper-
ature of the phase. In many high speed flows, the inertia, and therefore the pressure, dominate the motion of
the system and the deviatoric stress can be neglected. The continuity condition provides a constraint on pos-
sible closures of the integral. To understand the consequence of this constraint is the main objective of this
paper. We show that there is a family of possible closures for the integral and the equilibrium pressure model
used in many calculations is one of the possible closures satisfying the constraint.
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In many computations of multiphase flows, the volume fractions and the microscopic densities are not com-
puted directly from the evolution equations, rather they are calculated as follows. The macroscopic density
qi ¼ hihq0

i i is calculated using (7) with the velocity obtained from the momentum equations of the system.
The average microscopic density is determined by finding an average pressure hpii according to the averaged
equation of state for phase i such that the following equation is satisfied.
XM

i¼1

qi

hq0
i iðhpiiÞ

¼
XM

i¼1

hi ¼ 1: ð18Þ
Eq. (18) contains M unknown pressures, M � 1 additional relations are needed to solved it. The simplest and
most commonly used assumption is the equilibrium pressure assumption (hpii = p). Regardless of the assump-
tions or the numerical methods used to solve this equation, if models for the phase change terms in (9) and (10)
are specified, any method that provides a way to determine the volume fraction and the microscopic density is
equivalent to making closure assumptions about the interface integral

R
ðui � ~uiÞ � rCidP in the last terms on

the right hand sides of the equations. We now study the constraint for the closures of this interface integral;
and then use the constraint to guide us to a model that allows different pressures for different phases.

From (17) we find
Z
ðui � ~uiÞrCidP ¼ hiðr~ui � hruiiÞ � rðhihq00

i u0ii=hq0
i iÞ; ð19Þ
after using ~ui � huii ¼ hq00
i u0ii=hq0

i i, where u0i ¼ ui � huii and q00
i ¼ q0

i � hq0
i i are the fluctuation components of

the velocity and the microscopic material density q0
i . In many multiphase flows, the last term in (19) can be

neglected. For instance, if the density fluctuations are caused by pressure fluctuations, p0i, then using the equa-
tion of state we have q00

i ¼ p0i=c2
i , where ci is the speed of sound for phase i. After using the momentum equa-

tion for the material, we find p0i (due to the Bernoulli effect) is of order hq0
i ihuii � u0i, and the last term in Eq. (19)

can be estimated as Oðhihuiiu0i � u0i=c2
i Þ. If the fluctuation velocity is small compared to the sound speed, which is

true for many practical cases of multiphase flows, the last term of (19) can be neglected. There are cases, such
as Rayleigh–Benard convection, in which the correlation between the velocity fluctuation and the microscopic
density cannot be neglected. In this paper we restrict ourselves to the cases where the correlation hq00

i u0ii is neg-
ligible. Under this restriction Eq. (19) implies that a closure for

R
ðui � ~uiÞrCidP provides a relation between

the gradient of the average velocity r~ui and the average of the velocity gradient h$uii of the material.
Closures of the interface integral cannot be arbitrary. They are constrained by the microscopic continuity

condition,
XM

i¼1

oCi

ot
¼ 0: ð20Þ
Using this condition, we find the constraint for the closure after using (2) and (6).
XM

i¼1

Z
ðui � ~uiÞ � rCidP ¼

XM

i¼1

Z
_CidP� ~ui � rhi

� �
: ð21Þ
This constraint (21) on the closure relation is equivalent to the requirement of (18) because, by differenti-
ating (18) and using (10), we have
o

ot

XM

i¼1

qi

hq0
i i
¼ �

XM

i¼1

Z
ðui � ~uiÞ � rCidPþ ~ui � rhi �

Z
_CidP

� �
: ð22Þ
If (21) is satisfied, we have o
ot

PM
i¼1hi ¼ 0. If the initial volume fractions of all the phases sum to one, it remains

one during the system evolution. Conversely, if (18) is satisfied, the left hand side of (22) vanishes and (21) is
satisfied.

Either Eq. (18) or (21) provides a constraint on closures for the interface integral,
R
ðui � ~uiÞ � rCidP, but

does not specify a model for this integral for each individual phase. For an incompressible phase i, $ Æ ui = 0.
Upon substitution of this into (19) we find the closure for the interface integral,
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Z
ðui � ~uiÞ � rCidP ¼ hir � ~ui; ð23Þ
because the microscopic material density q0
i is constant, and the last term of (19) vanishes.

In the case where all the phases are incompressible, without phase changes, the constraint (21) or (23) leads
to the familiar continuity condition for the mixture
r �
XM

i¼1

hi~ui ¼ 0: ð24Þ
It is known that this constraint on the average velocities is equivalent to (18) for multiphase flows when all
phases are incompressible.

For compressible phases, the interface integral needs to be modeled. The models for the integral are not
unique. In the next section we first show the implied model for the interface integral under the equilibrium
pressure assumption, then propose another model in the following section. The purpose of this work is not
to advocate one model over the other, but rather to show their advantages and disadvantages when used in
different circumstances.
4. Equilibrium pressure assumption

Under the equilibrium pressure assumption all phases have the same pressure. This assumption is often
generalized as that the time derivatives of the pressures are the same for all the phases (ohpii/ot = op/ot) to
accommodate the effect of surface tension.

By differentiating (18) and using (7) we find
op
ot
¼
XM

i¼1

1

hq0
i i

Z
q0

i
_CidP�r � ðhihq0

i i~uiÞ
� ��XM

i¼1

hi

c2
i hq0

i i
; ð25Þ
where
c2
i ¼

ohpii
ohq0

i i
: ð26Þ
Here ci is different from the speed of sound of the material. By expanding the equation of state in the vicinity
of the average density and the average temperature, after averaging, one finds that the averaged equation of
state differs from the original equation of state for the material by quadratic terms in density and temperature
fluctuations. If these fluctuations result from velocity fluctuations, similar to the analysis following (19), using
the momentum and energy equations for the material, one can estimate that these quadratic terms are negli-
gible for flows in which Mach number of the fluctuation velocity is small. Under this assumption, ci defined in
(26) can be approximated by the speed of sound of the material.

Using (26) we have
ohq0
i i

ot
¼ 1=c2

iPM
i¼1hi=ðc2

i hq0
i iÞ
XM

i¼1

1

hq0
i i

Z
q0

i
_CidP�r � ðhihq0

i i~uiÞ
� �

: ð27Þ
Substituting (27) into (10), one finds
Z
ðui � ~uiÞ � rCidP ¼

hi=ðc2
i hq0

i iÞPM
i¼1ðhi=c2

i hq0
i iÞ
XM

i¼1

1

hq0
i i

Z
q0

i
_CidP�r � ðhihq0

i i~uiÞ
� �

þ hir � ðhq0
i i~uiÞ

hq0
i i

� 1

hq0
i i

Z
ðq0

i � hq0
i iÞ _CidPðFÞ: ð28Þ
If we further assume that the pressure gradients for all the phases are also the same, using (26) to r � ðhihq0
i i~uiÞ

in the right hand side of (25) we can rewrite (25) as
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op
ot
þ us � rp ¼

XM

i¼1

1

hq0
i i

Z
q0

i
_CidP�r � ðhi~uiÞ

� ��XM

i¼1

hi

c2
i hq0

i i
; ð29Þ
where us is the sonic average velocity (Kashiwa and Rauenzahn, 1994) defined as
us ¼
PM

i¼1hi~ui=ðc2
i hq0

i iÞPM
i¼1hi=ðc2

i hq0
i iÞ

: ð30Þ
This closure for
R
ðui � ~uiÞ � rCidP, or equivalently Eq. (27) implies that the local microscopic density

change is not directly related to the velocity field of the individual phase, but related to the mixture motion.
For a disperse multiphase flow, if the typical size of the particles is small compared to the macroscopic length
scale of the flow, it is true that the microscopic density change of the disperse phase is not directly related to its
velocity field. On the other hand, for the continuous phases one expects a more direct relation between the
microscopic density change and the velocity field of the phase. Clearly it is advantageous to have a more flex-
ible relation between the microscopic density changes and the velocity fields for both the disperse and contin-
uous phases. The multipressure model described in the next section provides such flexibility.
5. A multipressure model

We note that
R
ðui � ~uiÞ � rCidP represents the difference between h$ Æ uii and r � ~ui, if the last term in (19)

is negligible as we always assume in this paper. To accommodate a more flexible relation between h$ Æ uii and
r � ~ui for different phases as mentioned in the previous section we introduce a coefficient ai for each phase and
write
hr � uii ¼ air � ~ui þ Bi: ð31Þ
Evidently, the coefficient ai introduced here is related to the connectivity or morphology, material properties,
and volume fraction of the phase. For continuous multiphase flows, satisfactory results can often be found by
simply assuming ai = hi, or ai = 1 if the volume fraction is sufficiently large (>90%) or the phase is well con-
nected. The term Bi is introduced to allow for deficiencies in the modeling by the first term alone. Using (31)
and (19) we have
Z

ðui � ~uiÞ � rCidP ¼ hi½ð1� aiÞr � ~ui � Bi�: ð32Þ
If phase i is incompressible, comparing (32) to (23) we find ai = 0 and Bi = 0.
Using (32), Eq. (9) can be written as
ohi

ot
þr � ðhi~uiÞ ¼ aihir � ~ui þ

Z
_CidPþ hiBi; ð33Þ
and (10) can be written as
hi
dhq0

i i
dt
¼ �hihq0

i i½air � ~ui þ Bi� þ
Z

q0
i � hq0

i i
	 


_CidP: ð34Þ
To ensure that the volume fraction of all the phases sum to one, or equivalently for
R
ðui � ~uiÞ � rCidP to

satisfy (21), quantity Bi satisfies
XM

i¼1

hiBi ¼
XM

i¼1

r � ðhi~uiÞ � aihir � ~ui �
Z

_CidP

� �
: ð35Þ
This equation does not uniquely determine Bi for all the phases. To uniquely determine Bi, we assume the pres-
sure increase opi /ot caused by Bi for all the phases is the same. For example, one may consider opi/ot to be due
to the propagation of fast pressure waves in the system, while the underlying non-equilibrium state would need
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much slower convective time scale to equilibrate. Using this assumption, (34) and the equation of state (26) we
have
hq0
i ic2

i Bi ¼ �opa=ot; ð36Þ
where opa/ot is the same for all the phases. Solving Eqs. (36) and (35) we find
Bi ¼
1=ðhq0

i ic2
i ÞPN

i¼1hi=ðhq0
i ic2

i Þ
XM

i¼1

r � ðhi~uiÞ � aihir � ~ui �
Z

_CidP

� �
; ð37Þ
and
 Z
ðui � ~uiÞ � rCidP ¼ ð1� aiÞhir � ~ui �

hi=ðhq0
i ic2

i ÞPN
i¼1hi=ðhq0

i ic2
i Þ
XM

i¼1

r � ðhi~uiÞ � aihir � ~ui �
Z

_CidP

� �
; ð38Þ
after using (32).
With the closure for

R
ðui � ~uiÞ � rCidP explicitly given in (28) under the equilibrium pressure assumption

or in (38) with the multipressure model introduced in this section, the volume fractions and microscopic den-
sities for all the phases can be calculated from evolution equations (9) and (10) and Eq. (18) is redundant
because both closures (28) and (38) satisfy constraint (21), which is equivalent to (18) as proved in Section
2 provided that the initial volume fractions sum to one. In this way one can avoid solving (18), which is typ-
ically nonlinear and requires an implicit method. This implementation of the closures can reduce the amount
of calculation and could be significant in an explicit numerical scheme. However there is a shortcoming with
this implementation and it should be used with care. Since this explicit scheme enforces

PM
i¼1ohi=ot ¼ 0 at

every time step, instead of
PM

i¼1hi ¼ 1, error accumulation over time may result with the sum of the volume
fractions noticeably deviating from one, especially in cases with large Courant numbers and a large number of
time steps.

To avoid this possible numerical error, we now introduce another numerical implementation of the multi-
pressure model that solves Eq. (18). This method can be viewed as a modification to the traditional predictor–
corrector method used with the equilibrium pressure assumption. As in the traditional pressure calculation,
the macroscopic densities qi ¼ hihq0

i i in the numerators of (18) are calculated from the transport Eq. (7). After
obtaining qi, instead of using the equations of state for all the phases to find a common pressure p to satisfy
(18), we advance hi with the chosen ai as if the last term hiBi in (33) were absent to obtain an interim volume
fraction h�i . Using this interim volume fraction, h�i , an interim microscopic density, hq0

i i
� ¼ qi=h

�
i , and the cor-

responding pressure p�i , such that hq0
i i
� ¼ q0

i ðp�i Þ can be calculated. Such calculated qi and hq0
i i
� do not satisfy

(18) in general. The final values of averaged microscopic densities, hq0
i i ¼ q0

i ðp�i þ DpÞ, are obtained by finding
a common pressure increase, Dp, satisfying (18), that is
XM

i¼1

qi

q0
i ðp�i þ DpÞ ¼ 1: ð39Þ
In this way, we do not directly use (37), instead we use the assumption (36) to find Dp = (opa/ot)Dt, which
implies (37).

The use of (39) has an additional advantage in the case where all the phases are incompressible. In such
cases q0

i in (39) is independent of Dp, but the numerator qi is a function of Dp in an implicit numerical scheme.
Therefore the pressure increase can still be determined. In this case, the pressure increment is the same at every
time step for all the phases, therefore the pressures for all the incompressible phases are the same provided
their initial pressures are the same.

For an incompressible phase i, in the absence of phase change, if we use the equilibrium pressure model, the
closure (28) for the interface phase integral

R
ðui � ~uiÞ � rCidP leads to the evolution equation for the micro-

scopic density
ohq0
i i

ot
¼ 0; ð40Þ
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while the multipressure model leads to
dhq0
i i

dt
¼ ohq0

i i
ot
þ ~ui � rhq0

i i ¼ 0; ð41Þ
since ai = 0 and Bi = 0 in (34).
Finally, we note that for cases, such as slow expansion of uniformly distributed large gas bubbles in a com-

pressible viscous fluid in a closed container without macroscopic motion (r � ~ui ¼ 0), an additional model term,
XM

j¼1

hj

sij

ðpj � piÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hq0

i ihq0
j i

q
cicj

;

to (31) is needed, (with corresponding changes in (32), (33), (34) and (38)), to account for the process of pres-
sure equilibration among the phases due to exchange of volume among them, where the sij(=sji) is a time scale
for pressure equilibration. In the example that follows, we will assume the equilibration time scales are very
long compared to the dynamics and this term will therefore be neglected. We include it here, however, for
completeness and to show how the multipressure model can include the case of pressure equilibration.
6. A numerical example

The use of an equilibrium pressure model has become a standard practice in the computation of multiphase
flows (Sundaresan, 2000). In this section we use a numerical example to examine the properties of the multi-
pressure model.

We consider the tensile failure, known as spalling, resulting from the collision of two porous elastic plates
with thickness L and 2L. It is well known that the pressure for the gas phase always stays positive. If the equi-
librium pressure model were used the pressure (or the negative of the trace of the stress) in the solid material
would be the same as the gas pressure; the solid material would always be in the state of compression and
spalling would never happen. Therefore to simulate the spalling phenomenon, one has to use a multipressure
model. As indicated in the derivation of the multipressure model many multipressure models are possible. The
multipressure model introduced in the last section is one of such candidates and is used in the calculation
described in this section.

At time t = 0 the thinner plate with velocity V collides with the thicker plate at rest with the presence of air
inside and outside the plates. Physically, the presence of the air has a negligible effect on the collision process if
the solid material has a density significantly larger than that of the air. However, to have a computational
model with the ability to simultaneously calculate the air flow and the solid deformation is a significant chal-
lenge and has important applications, for instance, in the explosion process of a tank filled with compressed
air. The break-up of the tank and the subsequent trajectories of the tank fragments are of practical interest to
many safety engineers and bomb designers. The plate collision example in this paper is chosen to demonstrate
the new capability enabled by the multipressure model introduced in this paper. If the effect of the air is
neglected, there is an analytical representation of the collision process. In the case where the air is present,
we expect that the numerical solution obtained using the multipressure model to be close to the analytical solu-
tion without accounting for the effect of the air, therefore the analytical solution provides a point of reference
to our numerical scheme and physical model.

At the moment when the moving thinner plate impacts the thicker plate at rest, stress waves are generated
and travel in both directions from the impact surface. If the thickness of the plate is small compared to the
other two dimensions of the plate, the elastic waves can be approximated as plane waves with wave speed
ce ¼

ffiffiffiffiffiffiffiffiffiffi
E=q0

e

p
, where E is the Young’s modulus of the plate material and q0

e is the microscopic density of the
elastic material. Since both plates are made of the same material, the speeds ce of the stress waves in both
directions are the same. In the time interval Dt, the waves travel distance ceDt and change the velocity in
the material experiencing the stress waves in both directions. Using the principle of momentum conservation,
we find the velocity in the region visited by the stress waves to be V/2 and the impulse in the time interval to be
I ¼ ce�tAq0
eV =2 ¼ rA�t; ð42Þ
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where r is the stress in the elastic body and A is the area of the plate. The stress r can be solved from (42)
r ¼ ceq
0
eV =2 ¼

ffiffiffiffiffiffiffiffi
q0

eE
q

V =2: ð43Þ
The waves generated on the impact surface are compression waves, when they reach both ends of the plates,
they reflect back as tension waves. Since the waves travel at the same speed in both directions, the reflected
waves meet at the middle plane of the thicker plate. When they meet, the stress in this location becomes 2r
in tension as the stress from both waves superpose. If the material tensile strength is between r and 2r, the
thicker plate breaks at the middle plane, a phenomenon known as spalling.

In the numerical example, we set
E ¼ 70 GPa; q0
e ¼ 2700 kg=m3; V ¼ 100 m=s: ð44Þ
The wave speed in the material is then ce = 5.09 km/s and the stress r = 0.687 GPa. The tensile strength of the
elastic material is set to be rT = 1.0 GPa, about the middle point of the stresses r and 2r.

The density of air at atmospheric pressure is about 1.2 kg/m3. In the calculation, the air is regarded as an
ideal gas. In this example the density ratio of the solid to the gas is more than 2000.

A two-dimensional calculation was performed on a rectangular region of 1.5 cm by 1.0 cm. On the bound-
aries the normal velocities are set to be zero. Initially, the thickness of the thinner plate is L = 0.2 cm with the
bottom located at y = 0.7 cm in the computational domain. In the x-direction the plate spans from 0.1 cm to
1.4 cm in the computational domain. Initially, the thickness of the thicker plate is 2L = 0.4 cm, with top
located at y = 0.7 cm in the computational domain. The initial porosity (or the air volume fraction) in the
plates is 1%. The initial velocity of the thinner plate is �100 m/s while the velocity of the thicker plate is zero.
In the numerical calculation, the coefficient ai in (31) is set to one for both phases, to ensure the maximum
correlation between h$ Æ uii and r � ~ui; and Bi is determined by solving Eq. (39). We apply a simple material
failure model, in which when the maximum principal stress exceeds the tensile strength rT, the stress in the
principal direction is set to zero and the material at the location is marked as damaged.

According to the elastic wave speed, one can predict that the time for the two reflected tension waves to
meet at the middle plane is 1.18 ls after impact. Our numerical calculation finds that the first damage occurs
at time 1.12 ls and is located at the middle of the plate. Fig. 1. shows the damage of the material 2 ls after the
impact. The damaged material is colored red and undamaged is marked blue.
Fig. 1. Spall of an elastic plate. The area damaged by tensile stress is marked red.
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7. Conclusions

The difference between the average volumetric deformation rate and the divergence of the average velocity
is proved to be the interface integral

R
ðui � ~uiÞ � rCidP. Any method of calculating pressures in a multiphase

flow is equivalent to a closure of the interface integral because the volumetric deformation is related to the
pressure of the phase. Continuity of the multiphase system provides a constraint to the closure. However this
constraint is not sufficient to determine the closures for the interface integrals for all the phases; therefore dif-
ferent closure models or pressure models are possible. The traditionally used equilibrium pressure model is one
of the models that satisfy the continuity constraint. Application of the equilibrium pressure model to contin-
uous multiphase flows has been shown to encounter a conceptual difficulty and multipressure models have to
be introduced as an alternative. In the multipressure model introduced in the present paper, the interface inte-
gral is written as a summation of two terms. The first term is proportional to the divergence of the average
phase velocity with a coefficient expected to be a function of the volume fractions and morphology of the mul-
tiphase system. The second term is related to the relative compressibilities of the phases. Pressure equilibration
among the phases can also be included as a third term for problems in which this effect is important.

Numerical implementation of the multipressure model only requires a small modification of the codes
implemented with equilibrium pressure models. While further evaluation of the multipressure model is needed,
the numerical example in the present paper indicates the suitability of the model to problems where the vol-
umetric deformation rate is strongly correlated to the divergence of the average velocity.
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Appendix A. Probability and average

Following statistical mechanics, Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) derived aver-
aged equations by averaging over an ensemble of two-phase flows. They used the Liouville equation in a phase
space comprised of the positions and velocities of particles. For the potential and Stokes flows they treated, the
motion of the continuous fluid is uniquely determined by the motions and positions of the particles; therefore
the continuous fluid does not possess additional degrees of freedom, and the phase space has a finite dimen-
sion. This is no longer true for flows with finite Reynolds number, in which the degrees of freedom of the con-
tinuous fluid are infinite. Thus the concept of probability defined in a finite-dimensional phase space needs to
be extended to handle these systems. For such an extension, we note that the probability of finding flows in a
given subset of the ensemble is defined by the nature of the physics involved, and is independent of the param-
eters, or degrees of freedom, that we choose to describe them. This notion of parameter independence is sim-
ilar to the notion of coordinate system independence in describing physical systems; different coordinate
systems can be used to describe the same set of flows. In different descriptions of the flows, the phase space
and the probability density are different, but the probability of finding flows belonging to the subset of the
ensemble is independent of the description. The probability density defined in a phase space is merely a rep-
resentation of the probability defined by the physical process. This description-independent probability can be
used to treat systems with finite or infinite degrees of freedom, because degrees of freedom, finite or infinite,
are merely descriptions of the system. This type of probability is common in real analysis and modern prob-
ability theory. Drew and Passman (1999) used this probability as a conceptual starting point to derive aver-
aged equations for multiphase flows.

Following Drew and Passman, we now introduce a probability P defined on a collection of subsets of the
flows in the ensemble X. A subset in the collection is called an event in probability theory. The probability is a
set function that maps an event (a subset in the collection), to a real number between 0 and 1. To ensure that
such a probability is well defined and has the properties with which we are already familiar, there are certain
conditions that need to be satisfied by the set function and by the collection of the subsets. Almost all physical
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systems of interest satisfy these conditions; therefore we do not list them here. Readers interested in more
details are referred to textbooks on real analysis and probability theory, (e.g. Ash, 1972). The focus of this
Appendix is the connection between this probability and the probability density defined in the phase space
used by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) in the derivation of the averaged equa-
tions. This connection is particularly useful because the probability defined on the collection of subsets is quite
abstract and difficult to manipulate. The probability defined in the phase space, although not as general, is
easy to apply. For instance, the small particle approximation (Zhang and Prosperetti, 1994, 1997) can only
be obtained by using the probability density defined on particle configurations as derived in the following.

The average of function, f, which depends on a spatial position x, time t and flow F in the ensemble, is the
probability integral (associated with the probability measure) over all possible flows in the ensemble, and is
denoted as

R
f ðx; t;FÞdP. Here, we assume that all the functions of interest satisfy the integrability condition

under the probability P (Yosida, 1966; Ash, 1972). For such a probability to be useful we further assume that
differentiation with respect to both position x and time t can be exchanged freely with the probability integral
for the functions of interest.

For a system with N particles at time t the probability density of finding a particle configuration CN ¼
fx1; . . . ; xN ; v1; . . . ; vNg in which particle a is at a specified position xa with a specified velocity va for a =
1, . . . ,N is related to the probability P as follows:
P ðCN ; tÞ ¼
Z

d½x1 � y1ðF; tÞ� � � � d½xN � yN ðF; tÞ�d½v1 � w1ðF; tÞ� � � � d½vN � wN ðF; tÞ�dP; ð45Þ
where yaðF; tÞ and waðF; tÞ are the position and velocity of particle a in flow F at time t. In this definition the
d-functions select the flows with configuration CN from the ensemble; and the integral averages over all the
flows satisfying the configuration. The conditional average �qðx; tjCNÞ of a quantity qðx; t;FÞ given the config-
uration CN can be calculated by averaging over all flows satisfying the configuration as
P ðCN ; tÞ�qðx; tjCN Þ¼
Z

qðx; t;FÞd½x1�y1ðF; tÞ� � � �d½xN �yN ðF; tÞ�d½v1�w1ðF; tÞ� � � �d½vN �wN ðF; tÞ�dP:

ð46Þ
In particular, the conditionally averaged acceleration �_va of particle a can be calculated by
P ðCN ; tÞ _vaðtjCN Þ ¼
Z

_waðF; tÞd½x1 � y1ðF; tÞ� � � � d½xN � yN ðF; tÞ�d½v1 �w1ðF; tÞ� � � � d½vN �wN ðF; tÞ�dP:

ð47Þ

By differentiating (45) with respect to time t and then using (46), we find a generalized Liouville equation,
oP
ot
þ
XN

a¼1

½rxa � ðvaP Þ þ rva � ð�_vaP Þ� ¼ 0; ð48Þ
where we have usedrya
dðxa � yaÞ ¼ �rxadðxa � yaÞ andrwadðva � waÞ ¼ �rvadðva � waÞ, and exchanged dif-

ferentiation with the probability integration. For systems that can be uniquely described by the particle con-
figuration CN , the average sign (over-bar) for the acceleration �_va is not necessary (�_va ¼ _wa), and Eq. (48)
becomes the Liouville equation.

The probability density defined in (45) is for distinguishable particles, while the probability density Pzp used
by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) is for indistinguishable particles. These two
probabilities are connected simply by P zp ¼

P
P ðCN ; tÞ, where the summation is over all N! possible permu-

tations of particle numberings. Therefore the probability density defined in (45) normalizes to one, while
Pzp normalizes to N!. Using this connection, one can show that generalized Liouville Eq. (48) is also satisfied
by Pzp. This result implies that probability used in the present paper is consistent with the probability used by
Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) for the cases they treated.

Because we have derived the generalized Liouville Eq. (48) and the transport Eq. (5) without referring to the
phase space, the equations obtained by Zhang and Prosperetti (1994), Zhang and Prosperetti (1997) can be
used in disperse multiphase flows with finite Reynolds numbers.
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Appendix B. Small particle approximation

If the typical size of the disperse phase is small compared to the macroscopic length scale, the small particle
approximation (Zhang and Prosperetti, 1997) can be made to the interfacial force. Under this approximation
and with the choice rAi = hrci, (i = 1, � � � ,M), where hrci is the average stress for the continuous phase, one
can write
f c ¼ �hdFd þr � ðhdTÞ; ð49Þ

where Fd is the force density with which the continuous phase acts on particles, and T is a stress tensor. In the
case of spherical particles with radius a, this force density and the stress can be written as
hdFdðx; tÞ ¼ nðx; tÞ
Z
jrj¼a
½hrci1ðxþ r; tjxÞ � hrciðxþ r; tÞ� � ndSr; ð50Þ

hdTðx; tÞ ¼ a nðx; tÞ
Z
jrj¼a
½hrci1ðxþ r; tjxÞ � hrciðxþ r; tÞ� � nndSr; ð51Þ
where n(x, t) is the number density of the particles, and hrci1 is the average stress on the particle surface under
the condition that the particle center is located at x.

The force Fd includes the drag, added mass force, the Basset force, etc. The stress T represents the dynamic
part of the stress difference between the disperse and the continuous phases. In the case of a potential flow, the
trace of this stress is related to the difference between the pressure averaged over particle surfaces and the aver-
age pressure of the continuous phase (Stuhmiller, 1977; Zhang and Prosperetti, 1994). This pressure difference
is caused by the Bernoulli effect. With (49), the momentum equation for the continuous phase becomes
o

ot
ðhchq0

ci~ucÞ þ r � ðhihq0
ci~uc~ucÞ ¼ hcr � hrci þ r � ðhcr

Re
c Þ þ r � ðhdTÞ � hdFd þ

Z
_Ccq

0
cucdP: ð52Þ
The interfacial force fd in the momentum equation for the disperse phase can be related to fc using (16). Upon
the application of the small particle approximation, the surface tension effect represented by the right hand
side of (16) can be written as divergence of a stress (Prosperetti and Zhang, 1996), because the integral of
the surface tension force over a particle surface yields zero net force (Hesla et al., 1993; Prosperetti and Jones,
1984). This stress tensor due to the surface tension together with the dynamical stress difference T from fc can-
cels the corresponding part of the stress difference hrdi � hrci in the momentum Eq. (15) for the disperse phase
(i = d) (Prosperetti and Zhang, 1996). Using Eqs. (33), (47), (53) and (54) in that paper one finds that, in the
momentum equation for the disperse phase, the only part of the stress difference left is the stress due to particle
collisions besides a term negligible under the small particle approximation. Hence the momentum equation for
the disperse phase can be written as
o

ot
ðhdhq0

di~udÞ þ r � ðhdhq0
di~ud~udÞ ¼ hdr � hrci þ r � ðhdr

Re
d Þ þ r � ðhdrcollÞ þ hdFd þ

Z
_Cdq

0
duddP; ð53Þ
where rcoll is the stress due to particle collisions (Zhang and Rauenzahn, 1997, 2000).
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