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5. THE CONTOUR METHOD
Michael B. Prime, Los Alamos National Laboratory, Los Alamos, NM 87545, USA
Adrian T. DeWald, Hill Engineering, LLC, Rancho Cordova, CA 95670, USA
5.1 Introduction
5.1.1 Contour method overview
The contour method, which is based upon solid mechanics, determines residual stress
through an experiment that involves carefully cutting a specimen into two pieces and measuring
the resulting deformation due to residual stress redistribution. The measured displacement data
are used to compute residual stresses through an analysis that involves a finite element model of
the specimen. As part of the analysis, the measured deformation is imposed as a set of
displacement boundary conditions on the model. The finite element model accounts for the
stiffness of the material and part geometry to provide a unique result. The output is a twodimensional map of residual stress normal to the measurement plane. The contour method is
particularly useful for complex, spatially varying residual stress fields that are difficult (or slow)
to map using conventional point wise measurement techniques. For example, the complex
spatial variations of residual stress typical of welds are well-characterized using the contour
method.
Contour method measurements are typically performed on metallic parts, which can be
cut using a wire electric discharge machine (EDM). There are no specific size restrictions, but
the measurement signal (displacement) scales with specimen size and performing measurements
on parts smaller than 5 mm by 5 mm in cross-section requires extreme precision. There are no
restrictions on the shape of the specimen due to the fact that complex geometry is accounted for
using a finite element model of the part.
The contour method is the youngest method covered in this book, having been first
presented at a conference in 2000 [1] and then in a journal in 2001 [2]. Therefore, consensus
best practices are not as well established as for other methods. A basic measurement procedure
is provided along with comments about potential alternate approaches, with references for
further reading.
5.1.2 Bueckner’s principle
The contour method theory is a variation on Bueckner’s superposition principle.
Bueckner presented the relevant theory in 1958 [3] and discussed it further in later publications
[4,5]. However, Buckner’s papers present no figure like those presented in this chapter. The
apparent first use of such a figure for Bueckner’s principle was by Barenblatt in 1962 [6]. A
very similar principle and figure was presented independently in Paris’ landmark 1961 paper on
fatigue crack growth [7], and he credits the principle to a 1957 report he wrote for The Boeing
Company. It is conceivable that other work predates that of Bueckner and Paris. Bueckner’s
principle is also quite similar to the better known inclusion problem presented by Eshelby in

1957 [8]. In any case, Bueckner’s principle is indispensable in fracture mechanics work [9] and
has proven invaluable when used appropriately.
5.2 Measurement Principle
5.2.1 Ideal theoretical implementation

Figure 5.1. Superposition principle for the contour method.
Stresses are plotted on one quarter of the original body.

The ideal theoretical implementation of the contour method is presented here first before
discussing the assumptions and approximations that will be required for a practical
implementation. Figure 5.1 presents a 3-D illustration for a thick plate in which the longitudinal
stress varies parabolically through the thickness of a plate. Fig.1.12 in Chapter 1 gives a
complementary 2-D illustration of the principle. Step A in Fig.5.1 is the undisturbed part and
the residual stresses that one wishes to determine. In B, the part has been cut in two on the
plane x = 0 and has deformed because of the residual stresses released by the cut. In C, the
deformed cut surface is forced back to its original shape and the resulting change in stress is
determined. Superimposing the stress state in B with the change in stress from C gives the
original residual stresses throughout the part:

σ A ( x, y , z ) = σ B ( x, y , z ) + σ C ( x, y , z )

(1)

where σ refers to the entire stress tensor and the superscripts refer to the various steps of Fig.5.1.
Because σx, τxy, and τxz are zero on the free surface in B, the described superposition principle
uniquely determines the original distribution of those residual stresses on the plane of the cut,
i.e., at x = 0 in A [2].
If one could measure in-plane displacements on the cut surface, this theory would be
complete.
However, measurement of the transverse displacements is not experimentally
possible; instead, some reasonable assumptions and approximations are required.
5.2.2 Practical implementation
Proper application of the superposition principle combined with a few assumptions
allows one to determine the normal residual stresses experimentally along the plane of the cut:
σ xA (0, y, z ) . Experimentally, the contour (surface height map) of the free surface is measured
after the cut (in B). Measurement of the surface contour provides information about the
displacements in the normal (x) direction only. Therefore, the analytical approximation of Step
C will elastically force the surface back to its original configuration in the x-direction only,
leaving the transverse displacements unconstrained. (In a finite element (FE) model, leaving the
transverse displacements unconstrained on the free surface results in automatic enforcement of
the free surface conditions τxy = 0 and τxz = 0.) Thus, the contour method can identify the normal
stresses σx only, and not the shear stresses τxy and τxz. In spite of the presence of any shear
stresses and transverse displacements, one need only average the contours measured on the two
halves of the part to determine the normal stress, σx. The shear stresses released on the plane of
the cut affect the surface displacements anti-symmetrically. Thereby, when the average is
computed, the effects of transverse displacements and shear stresses are cancelled out and the
result is the surface displacements due to release of the residual stress normal to the surface [2].
Since the stresses normal to the free surfaces in B must be zero in Eq. 1, Step C by itself
gives the correct stresses on the plane of the cut:

σ xB (0, y, z ) = 0
⇒

σ xA (0, y, z ) = σ xC (0, y, z )

,

(2)

which is the standard implementation of the contour method.
5.2.3 Assumptions and Approximations
Elastic stress release and stress free cutting process
The superposition principle assumes that the material behaves elastically during the
relaxation of residual stress and that the material removal process does not introduce stresses of
sufficient magnitude to affect the measured displacements. These assumptions are common to
relaxation methods and have been studied extensively as described in Chapters 2 and 4 on hole
drilling and incremental slitting. Plasticity errors will be discussed in more detail for the
contour method later in this chapter.
Starting with flat surface in analysis
One approximation to the theory is made purely for convenience in the analysis: the
deformed shape of the body is not modeled before analytically performing Step C in Fig. 5.1.
Because the deformations are quite small for engineering materials, and the analysis is linear, the
starting point for this step can be a flat surface and the displacement boundary conditions will
then force the surface into the opposite of the measured shape. The results are the same, and the
analysis is simpler.
Part is symmetric about cut plane
Averaging the contours on the two halves to remove shear stress effects requires another
assumption: that the stiffness is the same on the two sides of the cut. For homogeneous
materials, this assumption is certainly satisfied when a symmetric part is cut precisely in half. In
practice, the part only needs to be symmetric within the region where the stiffness has a
significant effect on the deformations of the cut surface, which can be estimated as extending
from the cut surface by no more than 1.5 times the Saint Venant’s characteristic distance. The
characteristic distance is often the part thickness, but is more conservatively taken as the
maximum cross-sectional dimension. If the part is asymmetric, an FE analysis can be used to
estimate possible errors, which tend to be small until the part is very asymmetric.
Anti-symmetric cutting errors average away
Figure 5.2 shows that averaging the two contours removes any errors caused by antisymmetric cutting effects – those that cause a low spot on one side and a mating high spot on the
other side [10]. The two main causes of anti-symmetric errors are the cut itself wandering, as
illustrated in Fig. 5.2, or the part moving during cutting as stresses are relaxed and the part
deforms.

Figure 5.2. The effect of crooked cut averages away.
Symmetric errors: cutting irregularities
There are other errors that cause symmetric or asymmetric effects that do not average
away. Most such error sources are relatively straightforward and can be avoided with good
experimental practice. Local cutting irregularities, such as wire breakage or overburning at
some foreign particle, are usually small length scale (order of wire diameter) and are removed by
the data smoothing process or manually from the raw data. A change in cut width can occur in
heterogeneous materials since the EDM cut width varies for different materials. A change in the
part thickness (in the wire direction) can also cause this. A “bowed” cut [2,11] can usually be
avoided by using good settings on the wire EDM [11].
Bulge error
It must also be assumed that the cut removes a constant width of material when measured
relative to the state of the body prior to any cutting.
From a theoretical point of view, the
relevant assumption for the superposition principle in Fig.5.1 is that the material points on the
cut surface are returned in Step C to their original locations. (The averaging of the contours on
the two surfaces takes care of the issue with not returning material points to their original
location in the transverse direction.)
Figure 5.3 illustrates the “bulge” error, a symmetric error that can cause bias in the
contour method results [10]. The cutting process makes a cut of constant width w in the
laboratory reference frame. As the machining proceeds, stresses relax and the material at the tip
of the cut deforms; however, the physical cut will still be only w wide. This means that the
width of material removed has been reduced when measured relative to the original state of the
body. Therefore, forcing the cut surface back flat as in Step C of Fig.5.1 will not return the
material to its original location, which causes an error in the stress calculation. The bulge effect
is symmetric and will not be averaged away. The effect occurs when the stress state at the cut
tip changes relative to the original stress state, which is caused by specimen deformation as the
cut progresses. Therefore, the error can be minimized by securely clamping the part. In
addition, it is worth noting that this effect scales with the width of the cut.
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Figure 5.3. The “bulge” error occurs when the material at the cut tip deforms prior to the
cut, changing the effective cut width. For simplicity, the typical round-bottomed EDM slot is
illustrated as flat. From [10].
No assumptions of isotropic or homogeneous elasticity required
Bueckner’s principle and the contour method do not require any assumption that the
material be elastically isotropic or homogeneous, only that the linear elastic behavior be
accurately reflected in the FE model used to calculate stress. Most contour method measurements
assume that the material being measured is isotropic and homogeneous, which is a good
assumption for many materials. However, it is possible to include anisotropic elastic constants in
the material definition file and to have these constants vary spatially throughout the part. The
nuclear power plant weld presented later in this chapter is an example of heterogeneous
elasticity.
5.3 Practical Measurement Procedures
5.3.1 Planning the measurement
It is useful to spend time planning the measurement at the outset to avoid potential issues
that may arise. Carefully look through the list of experimental steps and analytical steps and
consider how each task will be executed. Recognize that fixturing the part and making the cut
are the most important experimental aspects of the contour method, and poor technique will lead
to increased errors. Measuring the surface to sufficient precision is relatively easy.
The contour method is a specialized technique that is only appropriate for particular
measurements.
If near-surface stresses are of primary interest consider using a different
technique. Also, very small parts and or small magnitude and localized stress fields may be
difficult to resolve using the contour method. In cases of concern, it is useful to simulate the
experiment ahead of time.

5.3.2 Fixturing

Figure 5.4. Illustration of double sided clamping arrangement used for the contour method
As discussed in Section 5.2.3, the original plane of the cut should be constrained from
moving as the stresses are relaxed during cutting. Such constraint requires clamping both sides
of the cut to a rigid fixture. Fig.5.4 shows an example clamping arrangement. In general, more
clamping constraint is better. Care should be taken not to clamp in a manner that will induce
stress into the part. Some novel approaches have been used to try to obtain maximum constraint
[12,13] including self-restraint by leaving a ligament of uncut material [14,15]. Some results
have been reported when the specimen was only clamped on one side [16,17], often because the
same cut was used for a slitting measurement [10,18,19], which generally leads to very different
contours measured on the two halves after cutting. After averaging the contours, the results are
often still good, but sometimes an increased bulge error is evident [18]. In general, the use of
novel fixturing arrangements should be used with great caution.
5.3.3 Cutting the part
For the contour method, the ideal machining process for cutting the part has the following
characteristics: a straight (planar) and cut with a smooth surface, minimal cut width (kerf), not
removing any further material from already cut surfaces, and not causing any plastic deformation
or induce any residual stress. Wire electric discharge machining (wire EDM) is currently the
method of choice. In wire EDM, a wire is electrically charged with respect to the workpiece,
and spark erosion causes material removal. The cutting is noncontact, whereas conventional
machining causes localized plastic deformation from the large contact forces. The part is
submerged in temperature-controlled deionized water during cutting, which minimizes thermal
effects. The wire control mechanisms can achieve positional precision of a fraction of a
micrometer, especially for a straight cut.
Since the bulge error increases with cut width, a smaller wire diameter is recommended
when possible. Too small of a wire diameter, however, will sometimes result in undesirable
wire breakage during the experiment or can lead to unreasonably long cutting times. Table 5.1
shows some general guidance on minimum wire diameter relative to cut thickness. That
thickness depends on the part orientation during cutting, and the orientation that minimizes
thickness is generally preferred. The smallest robust wire diameter will depend on the material
being cut and the EDM machine, so the table should only be used as a starting point for selecting

wire size using practice cuts. Sometimes, a larger wire size is chosen to ensure a more robust
cut [11].
Specimen
thickness

EDM wire
diameter

< 15 mm

100 µm

10 mm – 100 mm

150-200 µm

> 50 mm

250 µm

Table 5.1. Rough guide to suggested wire sizes. The ranges overlap because the choice will
also depend on the sample material and the EDM machine.
The best results have been obtained using EDM wires made of brass. Although no
systematic study has been reported, the use of other wires such as tungsten or zinc-coated brass
have seemed to resulted in lower quality cuts [2,20,21].
The cut quality is a primary factor in determining the quality of contour method results.
In addition to selecting the proper wire size and type, it is important to select cutting conditions
that produce a cut that represents, as close as possible, the conditions described above for the
ideal cutting process. It is generally advisable to use a “skim” or “finish” cut setting for the
machine. Skim cut settings are lower power than conventional rough cut settings (which are
optimized for speed) and are intended to provide a better surface finish and minimal recast [22].
Specific cut parameters and settings are machine specific and there is typically a library of cut
settings for different configurations included in the machine’s control unit. Typical settings for
cutting a specific material with a specific wire will include settings for a single rough cut and
then for three or four sequential skim cuts. The setting for the first or second skim cut are often
the best choice for the contour method, because the settings for the final skim cut often result in
wire breakage or extremely slow cuts.
To cut the part, set it up on the EDM and secure it with clamps after the part and the
clamps have come to thermal equilibrium with the water in the EDM tank. Align the cut path to
the part and program the EDM cut to cut through the entire cross section in a single pass. Upon
completion of the cut, the parts should be removed from the EDM, taking care to preserve the
integrity of the cut surfaces, and rinsed to remove any loose debris that may have adhered to the
surface.
5.3.4 Measuring the surfaces
The surfaces created by the cut should be measured. In general, the form of the surface
contours will have a peak-to-valley magnitude on the order of 10 µm to 100 µm. Accurate
measurement of surface height fields on this level requires precision metrology equipment. A
coordinate measuring machine (CMM) is a useful and widely available device for this purpose.
The two halves created by the EDM cut should be placed on the CMM with their “cut”
surfaces exposed (the term “cut” is used here to describe the surface where residual stress

measurement is performed). The metrology device should be programmed to acquire points
over the entire surface with point spacing sufficient to resolve the form of the displacement field.
If nothing is known ahead of time that could guide measurement density, it is possible first to
measure the parts with a coarse spacing to estimate the form of the displacement field and then to
measure again with a fine spacing that is sufficient to capture the necessary detail. A simple
uniform grid of 50 by 50 points is a useful starting point for a CMM with a 2 mm ruby stylus. A
relatively large stylus such as this is desirable because it will smooth out some of the features on
the “rough” EDM surface. When possible, both surfaces should be measured using the same
measurement point locations, bearing in mind that one coordinate direction will be reversed
when comparing the two surfaces. Since CMM measurements occur at about one-per-second
frequency, the measurements can take several hours.
Therefore, temperature stability is
important and the CMM should be isolated from thermal fluctuations. In addition, it is helpful
for later alignment of the two surfaces to collect a series of points tracing the perimeter of each
“cut” surface by placing the CMM tip slightly below the surface and touching the sides of the
part. More details of CMM measurements for the contour method are reported elsewhere [23].
Other methods can be used to measure the surface, but measuring the surface contour is
relatively easy and has never been the limiting factor for the contour method measurements.
Non-contact optical scanners have been used widely [24,25,12] and demonstrated to give nearly
identical final stress results to a CMM [26,21]. The optical scanners generally provide noisier
results because they capture the roughness of the EDM cut, see Fig.5.5 for an example.
Therefore, significantly denser measurement points are required. However, optical scanners can
measure points more quickly, which also might reduce thermal fluctuation issues. The optical
scanners generally cannot measure in the transverse direction, which means one cannot directly
measure the part perimeter.
The Ph.D. dissertation by Johnson [23] gives further detailed information on
measurements and analysis relating to the contour method.
5.4 Residual Stress Evaluation
In general, several steps are required to process contour data and calculate stresses.
Practitioners should use care to make sure that the processed data remains as true as possible to
the original data. It is suggested that intermediate results be examined carefully after each step.
5.4.1 Basic data processing
Align the coordinate frames
The two data surfaces, one from each side of the “cut”, should be aligned to the same
coordinate frame such that the material points prior to cutting are coincident on the two surfaces.
The two cut surfaces appear as mirror images, so one of the Cartesian coordinate directions
needs to be reversed so as to connect corresponding points on the two surfaces. This coordinate
reversal can be seen in the third panel of Fig.5.2, when the lower section has been reversed to
register with the surface of the upper section. If further alignment is required then it is necessary
to perform rigid body translations and rotation in the plane of the cut surface to set both surfaces
in the same coordinate frame. For example, if the measured surface is approximately oriented in
the yz-plane then it is necessary to translate one surface in y and z and also rotate it about the xaxis until it sits on top of the other surface (when viewed along the x-axis). The perimeter trace

is very useful for this alignment. The other rigid body translation (x-direction) and rotations
(about y and z) will not affect the results and can be ignored. It is generally convenient,
however, to fit each surface to a best fit yz-plane and to subtract this from the data (which will
bring each surface close to the yz-plane).
Following surface alignment, the perimeter trace should be decoupled from the data sets.
The perimeter trace may be used to support FE model construction and after that it is no longer
needed.
Construction of FE model
A finite element model representing half of the original part, e.g., the shape of one of the
two pieces after it has been cut in half, should be constructed based upon measurements of the
part. If available, the perimeter trace of the cross-section from a CMM represents a useful
starting point for the model. If the cross-section is relatively simple, then measurements using a
linear measurement tool such as calipers provide a useful alternative. This cross section can
typically be “extruded” in the third dimension based on simple dimensional measurements. The
finite element model should represent the cross-section of the part at the measurement plane and
should have a similar stiffness relative to displacements being applied on the measurement
surface. Features in the part “far” from the measurement plane are unlikely to influence this
stiffness and can typically be ignored.
A finite element mesh should be generated on the model. It is useful to bias the mesh for
higher refinement near high gradients in the displacement surface and near edges of the
measurement cross section. This can help to produce a converged solution in an efficient
manner. First order hexahedral (brick) elements or second-order reduced-integration hexahedra
are preferred. A useful starting point for the mesh density is 50 by 50 elements over the cross
section. The element size can be relaxed to grow large away from the measurement plane
without affecting the stress results. Figure 5.6 later in this chapter shows an example.
Once complete, a list of nodes on the cut surface where displacement boundary
conditions will be applied should be generated along with their coordinates. This list will be
used to generate prescribed displacement boundary conditions.
Average the two sides
Once the two surfaces are aligned, the data from both surfaces should be averaged. This
can be accomplished by taking the matching points from each surface and computing the average
value.
Filter the noise
The surface measurement data will contain some “noise” that is the result of
measurement error and roughness on the EDM cut surface. The random noise and roughness are
not caused by bulk residual stresses, however, they will significantly affect the calculated stress
because the stress depends on the curvature of the displacement field and this high frequency
content has a high curvature. For this reason, it is important to remove the noise from the data
while preserving the overall form of the surface (which is the result of bulk residual stress).
A two-step process can be used to prepare the displacement data for stress computation.
First, obvious outliers should be deleted from the data set. Outliers can result from unintended
particles such as dust settling on the surface during measurement, artifacts from measurements

near the edges of the perimeter, and gross measurement errors. Outliers can be identified by
plotting the data surface and visually looking for points that are significantly away from the
overall form of the surface.
Second, a method should be employed to extract the form of the surface while
eliminating the roughness and noise. This is typically accomplished by fitting the data to a
smooth surface (e.g., bivariate splines). There are commercial software packages available for
straightforward implementation of this including MATLAB® which has a Spline Toolbox®.
Spline smoothing has been most widely used [26] but in most formulations requires that the data
points be on a regular, rectangular grid, which can require extra processing to grid the data.
Alternately, the data can be fit to a continuously defined smooth surface, such as a bivariate
Fourier series, without gridding the data [27,28]. A continuous surface sometimes cannot fit the
data as well as local splines. A few alternative approaches for smoothing the data have also been
reported in the literature [29,30,18]. Any method that filters the surface roughness while
accurately capturing the overall form of the contour should be acceptable.
There is not yet a robust, objective method for selecting the optimal amount of
smoothing.
Examining plots of the misfit, the difference between the experimental
displacements and the fit, is very helpful [23]. Often, the fit is selected using a linear or semi-log
plot of the root mean square (RMS) misfit versus increasing spline knot density or order of series
fit. The fit where the RMS misfit begins to flatten out is selected because it often represents the
transition point between over-fitting and under-fitting the important features of the data
[26,24,31]. Improved selection of smoothing might be possible by estimating the uncertainty in
the stresses and picking the fit that minimizes the uncertainty [26].
Transfer to FEM
The final displacements, after averaging and filtering, should be inverted about the
surface normal and interpolated/extrapolated to the node locations on the finite element surface
as displacement boundary conditions. Only the displacement in the direction normal to the
surface of the cut should be specified, and it must be specified for all nodes on the cut surface.
Three additional point boundary conditions should be applied to the model to restrain rigid-body
motion (but nothing more). Such a minimal constraint arrangement ensures that the calculated
residual stress map satisfies equilibrium, and is the reason that rigid body motions of the
measured contour do not affect the results. Figure 5.6 shows an example with the following
rigid-body motions being constrained: translation in y and z and rotation about the x-axis. Once
the boundary conditions are in place, the model should be allowed to reach equilibrium. The
resulting stresses on the plane of the cut in the normal direction are the “results” from the
contour measurement. These represent the original residual stresses in the part prior to
sectioning.
Reporting results
Practitioners should report sufficient details so that an expert reader can independently
interpret the results. Descriptions of the part’s material should be detailed and include the heat
treatment state and the yield strength. The arrangement used to clamp the part during cutting
should be illustrated or described. Description of cutting should include the EDM wire diameter
and material, the cut settings, the rate of cut, and any wire breakages or other issues. Description
of the surface contouring should include the instrument details, the measurement density, and the
thermal conditions throughout the measurement duration. The resulting surface contour maps

should be plotted or described including the peak-to-valley range of each side. The sequence of
steps used to process the data should be described in detail. Ideally, the smoothed surface
contour should be plotted as should the misfit between the data and the smooth surface. The
misfit should be quantified as a root-mean-square average. The description of the FE calculation
should include mesh and element details. Stresses near the perimeter of the measurement surface
may exhibit higher measurement uncertainty than points in the interior, see Section 5.6.1 .
Typically, some data near the perimeter are discarded before plotting.
5.4.2 Additional issues
Order of data processing steps
The outline of experimental steps presented above is considered to be a straightforward
approach to performing contour method measurements. In practice, the order of data processing
steps in going from raw displacement measurements to transferring the displacements to the
FEM can vary significantly while still achieving satisfactory results. For instance, the data
averaging described above assumes that both sets of data contain points at the same location.
This is not always the case. If the sets of surface points do not match, then it is necessary to
interpolate them onto a common set of points before averaging. The set of common points could
be one of the data surfaces, a regular grid, or the finite element node locations. As an alternative
to interpolating onto a grid for averaging, one could smooth each surface independently and then
average the smooth surfaces.
Extrapolation
Displacements must be defined on all nodes on the cut surface in the finite element
model. Because of finite distance between measurement points, part alignment and other
experimental issues, the data generally will not extend all the way to the perimeter of the surface.
In some way, the displacements must be extrapolated to the perimeter, but the method will
depend on other data processing choices. If gridded or otherwise regular, the data can be linearly
extrapolated out to the edges [23,32]. Alternatively, the smoothed surface fitted to the data can
be used to extrapolate to the perimeter, but then the choice of fit surface can have a strong effect
on the extrapolation [18]. Any region where the data were extrapolated should be considered
unreliable and the stresses there not reported in the final results.
No filtering
With careful planning, it can be possible to perform a measurement without any postmeasurement filtering of the displacement data [12,33]. If the finite element node points are
known prior to performing the surface displacement measurements then the CMM can be
programmed to take displacement measurements directly at these locations. For this to work
effectively, the raw displacement data should be as smooth as possible, for example, using a
large measurement stylus and averaging multiple measurement values. These displacement data
can then be directly averaged and applied to the finite element model. If carefully implemented,
this approach can result in stresses that are reasonably smooth. If necessary, the computed
stresses can be smoothed at the end of the analysis.
Stress-free test cut
It is good practice to verify the cutting assumptions by performing a similar cut on a part
with the same cross-section in the absence of residual stress [10,11]. Since stress-free material

can be difficult to find, such a test is often performed by cutting a slice off of the end of the part.
That region is nearly stress-free because of the adjacent free surface. The thin slice will often
have unrepresentative deformations, but the cut surface on the larger piece can be examined.
Displacements measured on the test cut surface should not have significant form, i.e., the surface
should be flat. In some reported cases, the experimental displacement data have been
“corrected” based on the form observed in the stress-free cutting condition [2,34,20]. A brief
example of this is discussed later in the experimental application of the stainless steel indented
disk.
5.5 Example applications
5.5.1 Experimental validation and verification
This section presents experimental applications of the contour method where there are
independent residual stress measurements for comparison. The first example compares with
neutron diffraction and is from a class of specimens that tends to provide good agreement with
neutron diffraction: non-welds. The second example is a linear friction weld with very high
stress magnitudes and gradients, also compared with neutron diffraction. The third example is a
laser peened plate with near surface stress gradients, compared with incremental slitting and xray diffraction with layer removal.
There are currently approximately two dozen published comparisons of contour method
measurements with other measurements, primarily neutron and synchrotron diffraction, but also
some relaxation methods. Such independent validations commonly show very good agreement
on non-welded specimens [2,35,36,20,37-39] and on friction welded specimens [40,41,23], but
not always [30,21]. Fusion welds sometimes showed good to very good agreement
[42,26,29,43,28,44,19,18,45] and sometimes noticeable disagreement in some regions [46-50].
It is difficult to assess which results are more accurate when the two methods disagree. Welds
are challenging for diffraction methods because of spatial variation of the unstressed lattice
spacing and because of intergranular effects (microstresses and strains), as discussed in Chapters
7 and 8. Welds can also be challenging for contour measurements because the stresses can be
quite high and the local yield strength may be lowered by the thermal process, both effects
increasing plasticity errors. In addition, some of the measurements reported in the literature
(both neutron and contour) were not done using the best practices.
Indented stainless steel disk compared with neutron diffraction
This example is presented in Chapter 8 on Neutron Diffraction with additional details.
60 mm diameter, 10 mm thick disks of 316L stainless steel were plastically compressed through
the thickness with opposing 15 mm diameter, flat-end, hard steel indenters in the center of the
disk [20], as illustrated in Figure 8.7 . The residual hoop stresses on a diametrical plane of two
disks indented under the same experimental conditions were measured with the contour method,
see Fig.8.9. Disk A was cut in half using wire EDM with a 50 µm diameter tungsten wire. To
avoid repetition of errors attributed to that wire, disk B was cut using a 100 µm diameter brass
wire. As controls, two stress-free unindented disks were also cut using the 50 µm and 100 µm
diameter wires, respectively.

Figure 5.5.The average measured surface contour on one of the disks. From [32]
The contours of both cut surfaces of each disk were measured using a laser scanner [26].
For disk B, Fig. 5.5 shows the average measured contour. The peak-to-valley amplitude of the
contour is about 40 µm. The surface roughness level in the measured contour is typical of laser
scanners and much larger than what is measured using a CMM with a spherical tip. The cut
surfaces of the two stress-free, unindented disks were also measured. The contour of the disk
that was cut using the 100 µm brass wire was flat to within the measurement resolution. The
contour of the disk that was cut using the 50 µm tungsten wire was bowed: higher by about 6
µm on the top and bottom edges of the 10 mm thickness than in the mid-plane. In order to
correct this effect, the contour on the unindented disk was subtracted from the contour of the
indented disk A, which was cut with the same wire.
Figure 5.6 shows the finite element model used to calculate the residual stresses. The
mesh for the half-disk used 51,920 linear hexahedral 8-node elements with reduced integration
(C3D8R). The material behavior was considered elastically isotropic with an elastic modulus of
193 GPa and a Poisson's ratio of 0.3. To avoid clutter in the figure, only two typical
displacement boundary conditions are illustrated, but all nodes on the cut surface had x-direction
conditions applied.

Figure 5.6. Finite element mesh of half-disk after displacement boundary conditions have
deformed the cut surface into the opposite of the measured contour. Deformations
exaggerated by a factor of 200.
Figure 5.7 shows the contour-method maps of residual hoop stress on the cross sections
of the disks. In spite of the correction required on the Disk A data, the results agree to within
about 20 MPa over most of the cross section. The contour results are compared to extensive
neutron diffraction measurements on the same disk in Fig. 8.10 in Chapter 8. The agreement
between the contour method and neutron diffraction is excellent. Note that the contour results
have a mild left-right asymmetry even through the specimens were prepared to be as
axisymmetric as possible. The asymmetry probably reflects a slight bulge error as discussed in
Section 5.2.3 .

:

:
Figure 5.7. Hoop stresses measured on cross section of indented steel disks. The results agree
very well with neutron measurements as shown in Figure 8.10. From [20].
Linear friction weld compared with neutron diffraction [51]
Sample blocks 38.1 mm tall by 50.8 mm wide by 12.7 mm thick machined from Ti-6Al4V alloy bar stock were joined (at the 50.8 mm by 12.7 mm face) using linear friction welding
(Fig. 5.8). The LFW process produces a narrow bond region and heat affected zone where the
microstructure is altered from its original condition. Residual stresses were measured in the
LFW test specimen using the contour method and neutron diffraction. The measurements were
performed on the same test specimen, in sequence. First, neutron diffraction was used to
measure σx, σy, and σz along the line through the center of the specimen shown in Fig. 5.8.
Following completion of the neutron diffraction measurement, the contour method was used to
measure σy over the plane shown in Fig. 5.8.
Figure 5.9 shows a plot of the two dimensional residual stress measured using the contour
method. There is a concentrated region of high-magnitude tensile residual stress near the LFW
joint. The peak stress magnitude is around 750 MPa. The tensile stress quickly diminishes to
slight compression away from the LFW joint.
Data were extracted from the 2D contour surface along the same line where the neutron
diffraction measurements were performed, and the comparison is plotted Fig. 5.10. Overall,
there is very good correlation between the two measurement techniques. The neutron diffraction
data show slightly higher magnitude peak stress at the center of the weld (nominally 800 MPa
versus 750 MPa, which is a 6% difference). The width of the tensile stress region is very similar
for both sets of measurements. Since the results in Fig. 5.10 differ by an almost constant shift of
about 50 MPa, the most likely explanation for the modest differences between the two

techniques would be an error in the unstressed lattice spacing used for the neutron stress
determination.
The peak stress magnitudes are large, which makes plasticity a potential issue for the
contour method measurement, but the agreement with neutron results indicate that plasticity was
not a significant problem. The yield strength of the Ti-6Al-4V prior to welding was about 915
MPa. The occurrence of yielding during a contour measurement is a complicated phenomenon
that depends on the full multiaxial stress state, the prior thermal and plastic history of the
material, and the effectiveness of the part clamping. This LFW example should demonstrate that
the contour method can at least sometimes get accurate results even with very high stresses.

Figure 5.8. Illustration of LFW test specimen showing dimensions, reference coordinate
frame, and measurement locations. From [51]

Figure 5.9. Two-dimensional map of the measured residual stress over the contour
measurement plane. From [51].

Figure 5.10. Line plot comparing the measured residual stress from the contour method and
neutron diffraction experiments. From [51].
Laser peened plate compared with slitting and X-ray diffraction with layer removal
A plate of Ti-6Al-4V with original dimensions of 50 mm x 50 mm x 8.7 mm, shown in
Fig.5.11, was processed using laser shock peening (LSP) over the top surface to induce a
uniform layer of compressive residual stress. The plate was then cut into four equal size blocks,
each nominally 25 mm x 25 mm x 8.7 mm) which are expected to contain similar amounts of
residual stress. Residual stress measurements were performed on three of the four blocks using
different techniques: the contour method, the slitting method, and x-ray diffraction with layer
removal.
Figure 5.12 shows a two-dimensional map of the residual stress in the block measured
using the contour method. As expected, the block has compressive residual stress near the laser
peened face, which transitions to tensile stress near the interior, and then back to compressive
residual stress on the back face. The tensile residual stress in the interior and the compressive
stress on the back face are the results of the plate reacting to the strain induced by laser shock
peening to achieve an equilibrium stress state. A line plot of residual stress versus depth at the
center of the block is shown for the contour method, the slitting method, and x-ray diffraction
with layer removal in Fig. 5.13.
Overall there is excellent agreement between each of the three residual stress
measurement techniques. The most significant differences are in the near surface region at
depths less than 0.5 mm) but even at these locations the differences are relatively small,
generally 10% and up to 20% in the extreme case.

Figure 5.11. Illustration of laser shock processed test specimen used for residual stress
measurement

Figure 5.12. Two-dimensional map of the measured residual stress using the contour method

Figure 5.13. Line plot of residual stress vs. distance from the surface in a laser shock peened
Ti-6Al-4V block measured using contour, slitting, and x-ray diffraction with layer removal.
5.5.2 Unique measurements
This section presents experimental applications of the contour method that exemplify
some of the unique capabilities of the technique. The first example is a very large and
complicated weld joint taken from a nuclear power plant. The second example is railroad rails
that show a very informative 2D distribution of stresses. In both of these examples, largely
because of their size, there is essentially no other way to measure the 2D stress maps that contour
provides.
Large dissimilar metal weld from a nuclear power plant [52]
A contour method measurement was performed on a relief nozzle from the pressurizer of
a canceled nuclear power plant. The nozzle was nominally 711 mm long with a 201 mm outer
diameter and an inner diameter of 113 mm and contained a nickel based dissimilar metal weld
used to join a carbon steel component to stainless steel piping, see Fig. 5.14. Dissimilar metal
welds are particularly susceptible to primary water stress corrosion cracking and residual stresses
can have a significant influence on this failure mode.
As part of this study, the contour method was used to measure residual stress at six
locations in two similar nozzles. Only a single measurement is included here due to space
limitations, a two-dimensional map of the hoop residual stress in the nozzle. To facilitate
measurement, the nozzle was first instrumented with strain gages and cut open to relieve the
bending moment in the hoop direction. The residual stress released from this process was
accounted for in the results using a finite element based approximation. Next, the contour
method measurement was cut opposite the initial cut. Cutting was performed using 0.25 mm
diameter brass wire.

Figure 5.14. Illustration of nozzle specimens used for residual stress measurement.
To account for the different materials, regions of the finite element model were assigned
elastic properties unique to each material. Figure 5.15 shows a contour plot of the measured
hoop residual stress in the nozzle. Significant compressive hoop residual stress exists on the
inner diameter near the dissimilar metal weld. The region of compressive hoop residual stress
grows larger through the Alloy 82 “butter” and into the carbon steel region. Compressive
stresses by the ID are not likely to cause stress corrosion cracking, so are an encouraging result.
However, weld repairs are not present in this nozzle, and have been shown by others to produce
high residual stress on the ID, which could be problematic. Tensile hoop residual stress exists
near the outer diameter, in a region that is shifted towards the stainless steel end of the nozzle.

Figure 5.15. Two-dimensional map of the hoop residual stress for Nozzle #3 160-deg location.
From [52].
Railroad rail
For a study motivated by the 2000 fatal rail accident at Hatfield, UK, longitudinal
residual stresses were mapped in two specimens of UK rail: a new roller-straightened rail and
one that had undergone 23 years of service [53]. Both rails were BS 11 normal grade pearlitic
steel with the standard 113A profile, and 76 cm long sections were measured. The sections were
clamped securely and cut in two using EDM and a 0.25 mm diameter brass wire. The surfaces
were then contoured by scanning with a Keyence LT-8105 confocal ranging probe, similar to the

procedure described in [26]. The surface was scanned in the horizontal direction (x in Fig. 5.16)
at a sampling rate of 16 points/mm, and the rows were spaced vertically to give 4 rows per mm.
This produced about 460,000 points on each surface. The peak-to-valley range of the contours
was about 75 µm. The data points were interpolated onto a common grid mimicking the original
data grid. A rectangular region that covered the entire cross-section was defined and then
regions with missing data were filled in by extrapolation. At each grid location over the
rectangle, the two data points were then averaged. This average point cloud was then fit to a
smooth surface using bivariate (tensor product) cubic smoothing splines [26]. The stresses were
calculated by forcing the cut surface, taken as initially flat, into the opposite shape of the
measured contour in a 3-D, elastic, FE analysis.
The resulting stress maps shown in Fig. 5.16 were especially informative. The new rail
shows a complicated stress pattern associated with plastic deformation from the roller
straightening process [54]. The residual stresses are tensile in the head and foot of the rail, with
the peak stresses located subsurface. There are balancing compressive stresses in the web and in
the lateral regions of the foot. The worn rail results show that the stresses changed significantly.
The stresses have become significantly compressive under the region of contact with the wheel,
as had been observed previously with other techniques. The contour maps, though, show other
changes that have never been experimentally observed before. The tensile stresses have
increased in the subsurface region of the head in a matter consistent with plastic flow driven by
the angled wheel contact. Subsurface initiated cracks in this region cause failures and a
significant portion of train derailments occur because subsurface cracks are hard to detect. The
contour results also show an increase in the magnitude of compressive stresses in the lateral
region of the foot, which may be caused by plastic deformation since the rails are known to
reduce in height over time.

Figure 5.16. Contour method maps of longitudinal residual stresses in UK rails show the
effects of roller straightening on the stresses in a new rail and the extensive effects of wear
and plastic deformation on the stresses in a worn rail.
5.6 Performance and Limitations of Methods
The contour method is nearly unique in its ability to measure a 2-D cross-sectional map
of residual stresses in even large parts. When used correctly and on appropriate specimens, the
results are reasonably accurate and reliable. Based on all of the validations in the published
literature, accuracies and uncertainties in the best test conditions can be estimated to be as low as
the larger of about 10% or σ/E ≈ 0.00015 (30 MPa in steel or 10 MPa in Aluminum – but these
numbers really depend on part size as discussed below). Several publications demonstrate that
the contour method is also repeatable to these levels or better [27,55,56,20,33]. When selecting a
measurement technique for stress distributions that are primarily 1-dimensional, better accuracy
can likely be achieved with other methods, like incremental slitting. To date, the contour method
has only been applied using wire EDM to make the cut, which limits the application to metals
and a few other materials that can be cut with EDM.
The remainder of this section discusses the conditions under which one can or cannot
achieve the best results.
5.6.1 Near surface (edge) uncertainties
Stresses near the perimeter of the measurement surface may exhibit higher measurement
uncertainty than points in the interior depending on the nature of the stress field and the details of
the surface displacement measurement and data processing. Furthermore, the assumption of
constant cut width may be less accurate near the edges of the cut surface. For example, the EDM

cut width may flare out a little bit at the top and bottom of the cut (entry and exit of the wire) or
at the beginning or end of the cut [11,10]. Also the surface height map can be uncertain because,
especially with noncontact scanners, it can be difficult to know exactly where the edge of the
surface is and accurately determine the surface height. Contour method results can therefore be
more uncertain near the edges of the cut. Depending on cut quality and measurement details, the
uncertain region is typically about 0.5 mm. With special care, good results have been achieved
closer to the edges [23,35,56]. Results should not be reported in the near-surface region unless
such special care has been taken. Recently, an improvement in cut quality at the exit edge of the
EDM wire has been achieved by using a sacrificial layer attached to the part surface [11].
5.6.2 Size dependence
The contour method generally works better on larger parts. Other relaxation methods for
measuring residual stress, e.g., hole drilling and slitting, tend to be relatively size independent
because, for a given stress magnitude, measured strains do not change when the part size is
scaled up or down. Rather than strain, the contour method measures the surface shape, to infer
displacements. For a given stress distribution, those displacements scale linearly with the part
size. The EDM surface roughness and other cutting artifacts tend to remain relatively fixed in
magnitude. Therefore, larger parts give more easily measured contours than smaller parts when
all else is equal.
With current technology, a minimum peak-to-valley surface contour of 10-20 µm is
suggested in order to get reasonable results. If one has an idea of stresses, the expected contour
can be estimated prior to the experiment with an elastic FE model. The smallest parts measured
with the contour method have been about 2-6 mm thick [17,57,38,55,16,58,43,35,25,59-61,24],
and in some of those cases the contour is averaged over the thin dimension resulting in a 1-D
profile of the stress averaged through the thickness. The main limitation to achieving good
results with smaller parts [62] and smaller contours than about 10 µm is the cut and surface
roughness quality currently achievable with EDM, which degrades the signal-to-noise ratio of
the measured displacements. Measuring the surface contour is relatively easy and has never
been the limiting factor for the contour method measurements.
5.6.3 Systematic errors
Bulge
The bulge error (illustrated in Fig. 5.3) results from elastic deformation and can be
estimated using an FE model and even corrected for [10]. However, the error varies along the
length of the cut tip, requiring a 3D model in the general case, depends on the circular shape of
the cut tip, and must be estimated at incremental cut depths. Therefore, an FE estimate can be
tedious. Figure 5.17 shows a 2D FE-based correction of the bulge error for a plastically bent
beam [10,2]. The bulge effect estimated in Fig. 5.17 is qualitatively typical of what can be
expected: a reduction in the peak stress and a slight shift of the peaks. The error depends on the
cut direction. Some results in the literature [28,48], especially those were the specimen was
clamped on only one side [19,10,16], show indications of possible bulge errors.

Figure 5.17. The bulge error in a plastically bent beam had a modest effect on the residual
stress profile. From [10].
Plasticity
Like all relaxation methods, the contour method requires the assumption that as residual
stresses are released, the material unloads elastically. The stress concentration at the cut tip may
cause local yielding, which can affect the measured contour and therefore cause errors. The
plasticity error is even more difficult to simulate than the bulge error, because in addition to
needing a 3D model of many cut increments, it is also necessary to simulate reverse yielding
behavior accurately. Only two studies of the plasticity effect are presently published in the
literature. A simplistic 2D FE parameter study indicated relatively low plasticity errors for the
contour method even with residual stresses at 70% or more of the yield strength [63]. A more
sophisticated model indicated large errors for a particular specimen but started with residual
stresses well above the yield strength [64]. In general, plasticity errors are mitigated by the
round EDM cut tip and by strain hardening in the material. It is difficult to make any general
statements about the sensitivity of the contour method to plasticity errors. Some contour method
measurements have returned very high residual stresses but agreed well with diffraction
measurements, indicating minimal plasticity errors [18,26,65,20,19]. There are also many
examples were the agreement is not as good [30,48,50,49], and some of those likely have
plasticity errors, but they are usually welds and it is sometimes difficult to assess the accuracy of
the diffraction measurements used for validation.
For three reasons, it can be very misleading to compare measured residual stress
magnitudes to the yield strength when assessing the potential for plasticity. First, the yield
strength values usually reported are those of the as-received material. Often the same processes
that produce the residual stress also change the yield strength, increasing it by strain hardening or
decreasing it by thermal processes, which can significantly change the propensity for yielding

and errors. Second, the measured residual stress values are generally for a single stress
component, but a von Mises effective stress is what should be compared with the yield strength.
Peak residual stresses are often in a region of high triaxialty, which makes the effective stress
lower than the peak individual stress component. Third, cut tip yielding is driven by the
integrated effect of all the released residual stresses, which can be characterized by the intensity
factor, KIrs, at the cut tip from the accumulated effect of releasing residual stress. As studied for
the slitting method, the total effect will depend on the distribution of stresses rather than just the
peak stress and can be low since residual stresses must satisfy force equilibrium and therefore
compressive regions tend to mitigate tensile regions in the integrated effect [66].
5.7 Further reading on advanced contour method topics
5.7.1 Superposition for additional stresses
The conventional contour method measures one stress component. There are two more
advanced implementations where the contour method can be used to measure multiple stress
components by using superposition of multiple measurements, each validated by comparison
with neutron diffraction [32,37]. To explain the superposition methods, observe that Equation (2
in this chapter came from applying Equation 1 to a location, specifically the cut surface x=0,
where σ xB = 0. For other stress components and/or other locations, the σB stresses can be
measured. In the “multiple cuts” method [32] a second cut is made to measure stresses on a new
cut plane with the contour method. Such stresses would have been affected by the first cut, but
the contour measurement and calculation for the first cut also determines the change in stress on
the location of the second cut (and elsewhere). For the example of a second cut to measure σz on
the plane at z = 0 in Fig. 5.1, the original σz stresses are given by
σ zA (x, y,0) = σ zB (x, y,0) + σ zC (x, y,0)

(3)

where the σ zB term is the contour method result from the second cut and σ zC over the plane of the
second cut is just σz on that plane extracted directly from the same FEM calculation used to
determine σx for the first contour cut. Because this method is very new, there are few examples
in the literature [11,67], including one using the slitting method instead of contour [68]. In
previous work with multiple cuts, the correction was not made to account for the effects of
previous cuts [69].
The second superposition method involves using multiple methods instead of multiple
cuts [37]. For example, the in-plane stresses on the cut surface (x = 0) in Fig. 5.1 could be
measured using x-ray diffraction or hole drilling once the EDM-affected layer is removed by
electropolishing. For the example of σz, the original residual stresses on the cut plane are given
by

σ zA (0, y, z ) = σ zB (0, y, z ) + σ zC (0, y, z )

(4)

where now the σ zB stresses are the surface stresses measured by another method and the σ zC term
is extracted directly from the same FEM calculation used to determine σx for the first contour
cut. Because this method is very new, there is only a handful of examples in the literature
[14,70].

5.7.2 Cylindrical parts
Measuring hoop stresses in a cylindrical geometry requires special attention with the
contour method [71]. In a cylinder, the residual hoop stresses can have a net bending moment
through the thickness of a ring. For a contour method measurement of hoop stress, a radial cut
would result in excessive stresses built up at the cut tip because of the bending and moment.
Such high stresses could cause plasticity errors, which have been observed for such a cut with
the contour method [23] and similarly with the slitting method [72]. Different approaches have
been used to deal with this issue when measuring hoop stresses in cylinders [50,71,14], including
the measurements presented previously on the nuclear reactor nozzle.
5.7.3 Miscellaneous
A contour method measurement was performed on a specimen with only a partialpenetration weld, which resulted in a discontinuous surface contour across the unbonded
interface [50,71]. A special treatment was used in the surface smoothing and FE stress
calculation to handle the discontinuity. Axial stresses in cylinders and rods have been measured
only rarely [34], maybe because of the difficulty in clamping such parts for a cross-sectional cut.
In some work, multiaxial stress states were determined using multiple cuts and an eigenstrain
analysis to reconstruct the full stress tensor [24,28].
5.7.4 Patent
The residual stress measurement technique described herein was invented at Los Alamos
National Laboratory and is protected by United States Patent Rights (Patent Number: 6,470,756
filed February 2001, granted October 2002) until 2021. The patent is administered by the
Technology Transfer Division at Los Alamos National Laboratory. Patent rights are protected in
the United States only. In some circumstances, there is an “experimental use” exemption for
noncommercial research. This paragraph does not constitute legal advice.
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