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Abstract

In this study, a stochastic model for transient saturated—unsaturated flow is developed based on the Karhunen-Loeve
expansion of the input random soil properties combined with a perturbation method. The log-transformed saturated hydraulic
conductivity f(x) and the soil pore size distribution parameter «(x) are assumed to be normal random functions with known
covariances. We decompose f(x) and «(x) as infinite series in a set of orthogonal normal random variables by the Karhunen-
Loeve expansion and expand the pressure head as polynomial chaos with the same set of orthogonal random variables. The
perfectly correlated and uncorrelated cases between f(x) and «a(x) are studied. By using the Karhunen-Loeve expansion of the
input random parameters, polynomial chaos decomposition of pressure head, and the perturbation method, the saturated—
unsaturated flow equation and the corresponding initial and boundary conditions are represented by a series of partial
differential equations in which the dependent variables are the deterministic coefficients of the polynomial chaos expansion.
Once the partial differential equations are solved subsequently by a numerical method, the random representation of pressure
head is obtained by combining the deterministic coefficients obtained and the random variables from the Karhunen-Loeve
expansion of the input random functions. The moments of pressure head and water content are determined directly from the
random representation of the pressure head. We demonstrated the applicability of the proposed KL-based stochastic model with
some examples of unsaturated and saturated—unsaturated flow in two dimensions, and compared the results with those from the
moment-based stochastic model. It is shown that the KL-based models are more computationally efficient than the conventional
moment-based models.
© 2004 Elsevier B.V. All rights reserved.
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the hydrologic processes above ground and the
groundwater. Movement of water and pollutants in
the vadose zone affects the growth of vegetation, the
amount of recharge and evapotranspiration, and the
overall quality of water. Spatial variability of
hydraulic properties in the vadose zone is one of the
important factors that control the migration rate and
path of water and pollutants. Because of incomplete
knowledge about the spatial distribution of hydraulic
properties, prediction of water flow and transport
processes in the vadose zone always involves some
degree of uncertainty. To address the uncertainty,
stochastic modeling of flow and solute transport
processes becomes necessary (Bresler and Dagan,
1981; Dagan and Bresler, 1979; Yeh et al., 1985c
Yang et al., 1997). Field observations show that the
hydraulic properties of soils vary significantly with
spatial locations even for the same soil type. Despite
this spatial variability, medium properties, including
fundamental parameters such as permeability and
porosity, are usually observed only at a few locations
due to the high cost associated with subsurface
measurements. This combination of significant spatial
heterogeneity with a relatively small number of
observations leads to uncertainty about the values of
medium properties and thus to uncertainty in predict-
ing flow and solute transport in such media. It has
been recognized that the theory of stochastic pro-
cesses provides a useful method for evaluating flow
and transport uncertainties.

In the last 2 decades, many stochastic theories have
been developed to study the effects of spatial
variability on flow and transport in both saturated
(Gelhar and Axness, 1983; Winter et al., 1984; Dagan,
1984, 1989; Neuman et al., 1987; Zhang, 2002)
and unsaturated zones (Jury, 1982; Yeh et al.,
1985a,b; Mantoglou and Gelhar,, 1987; Mantoglou,
1992; Russo, 1993, 1995; Yang et al., 1996a,b, 1997;
Zhang and Winter, 1998; Zhang, 1998, 1999, 2002;
Zhang and Lu, 2002; Lu and Zhang, 2002). In the
unsaturated zone the problem is further complicated
by the fact that the flow equations are nonlinear
because unsaturated hydraulic conductivity depends
on pressure head. Many earlier stochastic studies
focused on steady state, gravity-dominated unsatu-
rated flow in unbounded domains. Under these
conditions the unsaturated flow field is stationary,
and hence analytical or semi-analytical solutions are

possible. Zhang and Winter (1998) developed a
general nonstationary stochastic approach for steady
state unsaturated flow in bounded domains. On the
basis of some one- and two-dimensional examples
they found that the simpler, gravity-dominated flow
models may provide good approximations for flow in
vadose zones of large thickness and/or coarse-
textured soils. Zhang et al. (1998) studied the impact
of different constitutive models on steady state
unsaturated flow in both bounded and unbounded
domains. Liedl (1994) proposed a perturbation model
for transient unsaturated flow. The results of the
model are a set of partial differential equations
governing the statistical moments of saturation.
Liedl implemented the model in one dimension. Li
and Yeh (1998) studied transient unsaturated flow in
heterogeneous porous media using a vector state-
space approach and investigated the behavior of head
variances for transient unsaturated flow in two
dimensions. Zhang (1999) studied transient unsatu-
rated flow for nonstationary situation and derived
partial differential equations governing the statistical
moments by perturbation expansions and then
implemented these equations by the method of finite
differences. Zhang and Lu (2002) extended the work
of Zhang (1999) to coupled unsaturated flow and
saturated flow, and to include randomness in the
boundary/initial conditions and source/sink terms that
can be nonstationary in space and time. Lu and Zhang
(2002) studied the unsaturated flow on the base of the
van Genuchten—Mualem constitutive relation and
investigated the impacts of different constitutive
models on statistic moments.

The analytical and semi-analytical results of the
unsaturated water flow in random distributed soils
(Yeh et al., 1985a,b; Mantoglou and Gelhar,, 1987;
Russo, 1993) lead to the general understanding of the
stochastic flow characteristics. However, because of
the complexity of the soil distribution and the
boundary conditions in the real world, the results
can only be used for the analysis of simplified
problems. The state-space approach (Li and Yeh,
1998) and the perturbation moment equation approach
(Mantoglou, 1992; Zhang, 1999; Zhang and Lu, 2002)
can be used for more general situations with complex
soil properties, different shapes of the simulation
domain, realistic boundary/initial conditions, and the
presence of internal sink/source. The challenge is
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the computational effort even only when the first order
moment is evaluated.

Recent research developments in stochastic finite
elements have also headed in the direction of
numerical analysis of stochastic mechanics with
spatially distributed random material properties and
random loads. In this approach, the governing
stochastic partial differential equation is discretized
in the Euclidian physical dimensions by a finite
element procedure and the randomness is involved in
the stochastic global stiffness matrix and vector of
the resultant ordinary differential equation system
(Deodatis, 1989; Ghanem and Spanos, 1991a,b;
Ghanem and Kruger, 1996; Matthies et al., 1997,
Ghanem, 1998, 1999a—c; Ghanem and Dham, 1998).
The resulting matrix equation can be solved along the
line of Monte Carlo simulation, perturbation method
and spectral expansion method. In the spectral
stochastic finite element method, the spatial random
media property in elements is expressed by the
Karhunen-Loeve expansion and the randomness of
the system is viewed as an additional dimension in
which a set of basic functions is defined, which is
referred to as polynomial chaos (Wiener, 1938). The
same procedure as the deterministic Galerkin finite
element method is applied for the resulting residual to
be orthogonal to the approximating space spanned by
the base of the polynomial chaos. The resulting
deterministic system of algebraic equation can be
used for the solution of the deterministic coefficients
of the polynomial chaos expansion. The coefficient
matrix is of order n X P, where n is the number of
nodes and P is the number of polynomials in the
truncated polynomial chaos expansion (Ghanem and
Spanos, 1991b). This method can be efficient because
only a small number of terms in the polynomial chaos
expansion are needed for most engineering problems.

In this work, the stochastic saturated—unsaturated
flow equation with the spatial random hydraulic
conductivity and pore size distribution parameter is
solved based on the combination of Karhunen-Loeve
expansion of the random inputs of the media proper-
ties and a perturbation method. Roy and Grilli (1997)
solved the steady state saturated flow equation by
using the Karhunen-Loeve expansion combined with
the perturbation method and obtained the mean head
and the head variance in first and second order in oy,
respectively, where oy is the standard deviation of

the log-transformed saturated hydraulic conductivity.
Zhang and Lu (2004) solved the transient saturated
flow equation and obtained the mean head to fourth
order in oy and the head covariance to third order in
0'f2. The present work is different from those of Roy
and Grilli (1997); Zhang and Lu (2004) in that the
steady and transient saturated—unsaturated flow
problem are solved with more than one spatial random
parameters, which are treated as perfectly correlated
or uncorrelated random functions. The focus of our
consideration is the efficiency of the method com-
pared with the commonly used moment-based method
for the nonlinear stochastic flow problems.

2. Basic equations of the saturated—unsaturated
flow problem

We consider transient flow in saturated —unsaturated
media satisfying the following continuity equation

oh(x, 1)
ot

subject to initial and boundary conditions

—{Kx)V[h(x,1) + z]-n} |[‘2 = 0,(x,1)

Cx, 1) = VIK(x,)V(h(x,1) + 2)] + g(x, 1) (1)

2)
hx, Ol =hp(X,0)  A(X, D)lig = Bip(X)

where h(x,t) + z is the total hydraulic head, A(x, f) is
the pressure head, g(x,?) is the fluid source or sink
term, C(x,?) is the specific moisture capacity, and
K(x,t) is the unsaturated hydraulic conductivity.
0,(x,1), hr,(%,1) and h;pi(x) are the flux out of the
Neumann boundary I, the pressure head at the first
type boundary I, and the initial pressure head
distribution in the domain, respectively. For simpli-
city, g(x, 1), Q,(X, 1), hr, (X, 1) and h;p;(x) are treated as
deterministic functions.

K(x,t) and C(x,t) are functions of h(x,t) and
Eq. (1) is nonlinear. Some models are needed to
describe the constitutive relationships of K(x,#) and
C(x,t) = d6/dh, where 6 is the water content. No
universal models are available for the constitutive
relationships. Instead, several empirical models are
usually used, including the Gardner—Russo model
(Gardner, 1958; Russo, 1988), the Brooks—Corey
model (Brooks and Corey, 1964), and the van
Genuchten—Mualem model (van Genuchten, 1980).
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In most existing stochastic models of unsaturated
flow, the Gardner—Russo model is used because of its
simplicity. Although the Brooks—Corey model may
have certain mathematical advantages over the
Gardner—Russo model in low-order stochastic
analyses (Zhang et al., 1998), we use the latter to
facilitate comparisons with literature results. The
Gardner—Russo model reads as

{Ks(x)exp [ax)h(x, )] h<O0
Kx,t) =
K (x) h=0

3

0, - er){exp[ 2 atoh(x, r)]

_ 2/(m+2)
B(x.1) x[l - 2 et t)]} h<0

0, — 6, h=0

where 0., 6., and 6, are the effective, residual, and
saturated water content, respectively, K (x) is the
saturated hydraulic conductivity, a(x) is the soil
parameter related to the pore size distribution, and m
is a parameter related to tortuosity. For simplicity, we
let m = 0 in this study. In this case, the specific soil
water capacity C(X,t) can be expressed as

6, — 6
- hTf 2 (X)h(x, 1)

Cx, 1) = “)

1
Xexp[ > a(x)h(x, t)] h=0’
S h>0

where S; is the specific storage.

The extension to the case of m ¥ 0 can be made by
following the treatment of Zhang et al. (1998) for
steady state unsaturated flow. The variabilities of 6;
and 6, are likely to be small compared to that of the
effective water content 6,. In this study, 6, and 6, are
assumed to be deterministic constants. The soil pore
size distribution parameter «(x) and the log-trans-
formed saturated hydraulic conductivity f(x) = In X
K,(x) are treated as random space functions. They are
assumed to be normal random functions with known
covariances.

When the soil properties f(x) and a(x) are treated as
random space functions, the governing Egs. (1)—(2)
become a set of stochastic partial differential

equations whose solutions are no longer deterministic
values but random functions with probability distri-
butions related to the random inputs. In Section 3, we
decompose the input random soil properties f(x) and
a(x) by Karhunen-Loeve expansion and determine the
random representation of the pressure head, which is
related to the random variables in the Karhunen-
Loeve expansion. On the basis of the random
representation of the pressure head, the statistical
moments can be evaluated by simple manipulations.

3. Mathematical characterization of random
space functions

3.1. Karhunen-Loeve expansion of random
soil parameters

The Karhunen-Loeve expansion of a random space
function ¢(x, w) is based on the spectral expansion of
its covariance function C +6(X,y), where, x and y
denote spatial coordinates at different spatial points, w
varies in probability space. The covariance function,
being symmetrical and positive definite, has mutually
orthogonal eigenfunctions that form a complete set
spanning the function space to which ¢(x, w) belongs.
It can be shown that if this deterministic set of
functions is used to represent the random function
d(X, w), the random coefficients used in the expansion
are also orthogonal (Ghanem and Spanos, 1991b). The
expansion then takes the following form:

B(x, ©) = ) + > VAP (V) é(w)
=1

= ¢x) + > hié(w), (5)
i=1

where ¢(x) denotes the mean of the random space
function ¢(x, w), and {&;(w)} form a set of orthogonal
random variables. Furthermore, {¢7(x)} are the
eigenfunctions and {A;} are the corresponding
eigenvalues of the covariance kernel, which can be
solved from the following integral equation:

JO Cypp(X,¥)¢ (Y)dy = A" (x) (6)
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where (2 denotes the spatial domain. The most
important aspect of this spectral representation is
that the spatial random fluctuations have been
decomposed into a set of deterministic functions
multiplying random variables. If the random function
&(X, w) is Gaussian, then the random variables { &(w)}
form an orthogonal Gaussian vector. The Karhunen-
Loeve expansion is mean square convergent irrespec-
tive of the probabilistic structure of the process being
expanded, provided that it has a finite variance
(Loeve, 1977; Ghanem and Spanos, 1991b).

Since there is no justifiable data for the statistical
relationship between f(x) and a(x), we carry out the
analysis by assuming either perfect or zero correlation
between f(x) and a(x). For the perfectly correlated
case, a(x) can be expressed in terms of f(x).
Therefore, f(x) and «a(x) can be decomposed by
Karhunen-Loeve expansion on the same set of a
normal random basis {{;(w)}. If f(x) and a(x) are
uncorrelated, they can be decomposed by the
Karhunen-Loeve expansion based on two sets of
uncorrelated random bases {&(w)} and {m;(w)},
respectively. We arrange {&(w)} and {n;(w)} as
{{i(w)} = {&(w), nj(w)} and {{(w)} will be used as a
basis for the expansion of pressure head.

For the separable exponential covariance function
of a random space function ¢(x, w) in two-dimen-
sional case,

by =yl e =yl ) o
Y1 "2

where X = (x1,x,),y = (y1,Y,), the eigenvalues and
eigenfunctions can be found analytically for the
rectangular domain 2 = {(x|,x,): 0 =x; =L,,0 =
X, = L,} and expressed as (Zhang and Lu, 2004)

Cyp(X,y) = 0'3) exp(—

47172%;
A= 8
" (e, + DM, + ®
& = Prw(x1)h(x2), 9

where 0'35 is the variance of the random space function
¢(x, w), y; is correlation length of ¢(x, w) in the

direction x;, k = 1, 2, and
Vi Wi COS(@y ;%) + sin(ay ;x;)
oy i(x) = > ,
\/(y,%a)k’i + 1)Lk/2 + Yk (10)

k=12, i=12]73,..

wy; are the positive roots of the following character-
istic equations

(Yo — Dsin(ewply) = 2y, 0 cos(ayly), an
k=1,2

We first solve (11) to get the solutions {w);} and
{w,;}. Here we assume that the indices m and n in
Eqgs. (8) and (9) are mapped to i such a way that
eigenvalues A; form a series whose terms are
nonincreasing.

3.2. Polynomial chaos expansion of pressure head

The covariance function of the solution process is
not known a priori, and hence the Karhunen-Loeve
expansion cannot be used to represent it. Since the
solution process is a function of the soil properties
f(x) and a(x), the pressure head A(X, ¢) can be formally
expressed as some nonlinear functional of the set
{{;(w)} used to represent the soil randomness. It has
been shown that this functional dependence can be
expanded in terms of polynomials in Gaussian random
variables, referred to as polynomial chaos (Cameron
and Martin, 1947)

h(x, 1) = HO(x,0)+ > H;(x,0T1(£)

+ZZ

i=1 j=

(% D15(8. 4)

[\/]8

i
+) ZZ Hy (O35, 4. L) + -+ (12)

1j

where I,(¢;, &> Gys o> §;) is the nth order poly-
nomial chaos, which in general can be expressed as
the Hermite polynomial:

Fn(gi]’ gizv §i3’ s gi )

n

n

| a i ad
= exp(E ;L’L’)(_l) m

1 n
><exp<—§ Za;).
i=1

All elements in {[,({;, &, &,»-08)}  are
mutually orthogonal and form a basis in second
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order random function space. Any element of the
set {I,(,.&,.8,»--»¢;)) is a polynomial of
(g’,-l,{,-z,g,»},...,{,-”). Therefore, we can rearrange the
expansion of A(x,t) as the summation of all possible
polynomials of (¢ ,¢,,d,,...,¢;) (Zhang and Lu,
2004)

h(x,0) = KO0+ > hi(x.04+ > hyx 04
i=1

ij=1

+ Z hip (X, 0846+ -+

ijk=1
+ Z iy, i, (X, 1) l_[ g +-e
i sigseiy=1 J=1
=00+ KD+ BP0+ (13)

The infinite series of Eqs. (12) and (13) are
equivalent after rearranging terms. The first sum-
mation in Eq. (13) is the linear and Gaussian part of
the random function A(x,?). A complete probability
characterization of the random function A(x,?) is
obtained if all the deterministic coefficients (A9 (x, 1),
hi(X,0), hi(x,1), hpX,0), ..., Ljk,...=1,2,...) in
(13) have been calculated.

4. Expansion of the random soil parameters

The log-transformed unsaturated soil conductivity
Y(x,t) = In K(x, 1) can be written as:

h=0.
(14)

Y(x,1) = In[K(x,1)] = f(x) + a(x)h(X, 1)

The f(x) and a(x) are inputs of the system with
known covariance Cg(X,y) and C,,(X,y), respect-
ively. We can write

) =fx) + (%)

(15)
a(x) = a(x) + '(x),
where f(x) and a(x) are the means of f(x) and
a(x), f'(x) and ¢/(x) the zero mean Gaussian random
functions, which can be expressed by the Karhunen-
Loeve expansion.

By substituting (13) and (15) into (14), we have
Yx, ) =YOx 0+ Y%+ YPx 0+ (16)
where
YO, 1) = fix) + axh%(x, 1) (17)
YD, 1) = f(x) + ax)hV(x, 1) + 'O x, e/ (x)
Y2, 1) = ax)h?x, 1) + d )V (x, 1)

By substituting (13) and (15) into (4), we obtain

C(x,t)=— % o’ x)h(x, t)exp[ % ax)h(x,t) ]
=0+ CVxn+CPx D+ (18)

The arguments (x,#) are omitted in the following
expressions. The first three terms in (18) can be
expressed as

c¥=can”, cV=c, "+,
(19)

C(z) _ CZIh(Z) + sz(h(l))Z + C23a/h(l) + C2401’2’

where

) 1
c,=0l&+ 5&3h(0)],

[ 1

Ciy = (| 2an"” + Eaz-z(h“”)z]

_ 1
Cy =0l @+ 5073;1“”],

_J1 1
Cam L+ Lat]

Cy; = C| 2a + 3&h” + %o?(h“”)z],

_T 3 3
Cyy = H? + Ed(ha)))z n Zdz(h«»)s]

_ 6. — 6 1
C=-— 84 rexp[adh(o)].

The terms exp(—Y) and exp(Y) can be expressed as

-Y _ —YO (0 (1) (3]
e =e (@ +q +q7+-)
q q q (20)

(0)
el =Y (p(O) +p(1) +p(2) + ),
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where

1

O =1, ¢ = EWWM

q YD, 4@ = —y® 4

p@szmzwqpm=¢D+%wwm

(21)
4.1. Perfectly correlated f(x) and o(x)

When perfectly correlated, normally distributed
random functions f(x) and a(x) can be expanded as

F® = &),

- (22)
dx) =) &),

i=1
where {§;} are orthogonal standard normal random
variables, ie., (£&§) = §;.f(x) and @;(x) can be
determined separately from (10) with the corre-
sponding covariance functions. Recalling (5),
(8)—(10), and the definition of the Karhunen—
Loeve expansion of a random space function, it
can be seen that the deterministic functions f;(x) and
a;(x) in (22) are, respectively, proportional to oy
and o,, the standard deviations of the random
functions f(x) and a(X).

By substituting (22) into (17)—(21), we have

YO=Srg  ro- Z & (23)
i=1 ij=1

c = i & P = Z Cié& (24)
i=1 ij=1

¢ = iqié, q? = ’i a4 (25)
= =

P = gpié, p? = i P& (26)

ij=1

The quantities in the summations of (23)—(26) are
defined in Appendix A.

4.2. Uncorrelated f(x) and o(x)

For the uncorrelated case, f(x) and «a(x) can be
decomposed by two sets of independent orthogonal

normal random variables in the Karhunen-Loeve
expansion as

F® =2 fi0é()
i=1 (27)

[ee)

dX) = ax)m()

i=1

We have (§;1;) = 0 because & and m; are uncorrelated
normal variables and are thus independent.

Similarly to the perfectly correlated cases, sub-
stituting (27) into (17)—(21) leads to

0= ve+ Y v,

i=1 j=1

(28)
YO = S vEeE+ Y n + Y ¥
=1 ij=1 =l
C(1)=ZCZ-§§,-+ZC;]”’];,
i=1 Jj=1
(29)
c? = Z c§f§i§+ Z C TEm;+ Z Cj"mim
ij=1 ij=1 W=l
¢V = qufi + qunnj’
i=1 Jj=1
(30)
=3 fee 3 dren S apum
ij=1 iy=1 H=l
(l) = Zp é + ZPJ nj,
(€29

PP => pifeg+ Z piEm; + Z Pl mim;

ij=1 ij=1 ij=1

The quantities in the summations of (28)—(31) are
defined in Appendix B.
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5. Perturbation equations
By substituting (14) into (1) and (2) and rearrang-
ing, we obtain

—Y(x,0) 8h(x, t)
ot
= V2h(x, 1) + VY(x,)-V[A(x, 1) + z]

+ g(x, e "™ (32)
(" V[h(x, 1) + Zn@)}, = —0,(x,1)
h(x, 0y, = hp,(x,1)
h(x, )l i—o = hini(X)

C(x, e

The pressure head h(x,f) is a random function
because it depends on the randomness of the input
soil parameters f(x) and a(x). As shown earlier, we
may express soil parameters and head-related
quantities C(x, 1), Y(x,1),e Y®0 eY®) and h(x,1) as
infinite series Cx,H)=CO+Cc®O+c® ...,
Yx, ) =YO 4y 4 y® ... eV =exp[— Y] x
149 + ¢V +¢® + - L e = exp[—YO1p® + pDt
pP 4.1, and h(x,t) = h® +hrD + 1 + ..., with
each term of C?, Y? ¢ p® and h proportional to
the ith order of the standard deviation of f(x) and
a(x). For simplicity, we drop function arguments
(x,7) in functions C(x,?),Y(x,1),e” 7®D V&) and
h(x,t) when this does not cause any confusion. By
substituting these expressions into (32) and collecting
terms at the same order, we have the following
equation for the order m = 0

m m—k (m—k—1)
_ aoh
E E [e y© C(k)q(l) 8t ]

k=0 [=0
=V2h" + 3 VYOV 428, 10l + 8

k=0

e g™ (33)
[0 g m—b) _
Z [e P V(h +Z8m7k,0)]'n|112 - _Qnam,(]
k=0

R = hp, 8,0

h" |t=0 = Nini 8m,o

where 6, is the Kronecker delta function with
00 =1 for m =0 and §,,y = 0 for any other m.

Eq. (33) can be further simplified as

RY%0)
? ot
(VA" ]l = 0™

¢ = V2h" + VYOV 4 g™ (34)

W™\, = g

R g = h

ini

—_y)

¢, = Y040

It is worthwhile to note that the perturbation
equations for different orders have the same form
except for the driving terms g(’"), Q(’"), h(I'fIL), and hl(;"l)
This property will make the numerical computation
more efficient because it is not necessary to determine
the basic matrix in each time step for different order
terms. The driving terms g(’”), om, hgff), and hfﬁ) are
given in Appendix C.

6. Karhunen-Loeve and polynomial chaos based
perturbation equations

In this section the perturbation equations of
stochastic saturated—unsaturated water flow and the
corresponding initial and boundary conditions are
formulated by expressing the constitutive relationship
of the soil parameters in the Karhunen-Loeve
expansion and the pressure head in polynomial
chaos expression, and combining with the pertur-
bation method.

6.1. Perfectly correlated f(x) and a(x)

The quantities C?”, Y®, g, p®_ which are related
to the input random soil properties f(x) and «(x), are
expressed by (23)—(26). The pressure head is
expressed by polynomial chaos in (13) where the
normal random variables {;} = {&;} for the perfectly
correlated case. We assume

h? = Z hy(x, &€, (35)

ij=1

WD =3 hi(x, D€,
i=1

where h;(x, ) and h;(x, t) are deterministic functions
to be determined. Once A;(x, t),h,-j(x, n,i,j=1,2,...,
and hO(x, 1) are obtained, the random representation
of pressure head h(x,f) can be determined to



26 J. Yang et al. / Journal of Hydrology 294 (2004) 18-38

the second order of oy and o,. The moments of
pressure head and water content can also be derived
directly from the random representation of pressure
head.

By substituting (16)—(26) into (34) for m =1,
multiplying the resulting equations by §,j=1,2,...,

taking expectation, and recalling that (&) = §;, we
have
o 2 (0) .
Cogr =V i+ VYTVl +g  i=123,..
(36)
[Vhnllr, = O
hi'Fl = 0
hi|t=0 =0
Q= { — [P"VH” + 1} I, p©
g8i=8g e—Y(U)qgl) + VYl(l)V(h(O) + Z)
—y© oh©®

— (0) (1) () _(0)
e (Clq; +Ciqg") o
Eq. (36) is linear because all terms in Q; and g; are

linear function of /;. More importantly, when Eq. (36)

is rearranged by collecting the dependent variable h;

into the left-hand-side and leaving the driving terms

on the right-hand-side, it can be shown that all the
driving terms are proportional to the standard

deviation of random input function f(x) and/or a(x),

indicating that ,(x, 7) is proportional to oy and/or o,.

This means that representation of the first and second

order terms of pressure head in the form of (35) is

reasonable.
Similarly, for m = 2, we have

oh

i _ 2 (0)

"o (37)
ij=1,2,3,...

[Vhylnlp, = 0y

hylr, =0

hij|t=0 = 0
Qy = { = [i"Vh + pi V¥ + 2)m

= 1pf"Vhi + PPV + 9l 12

_y©)
gi=ge " qP + VYO Vn + VY@ Vi© + o)

_y© oh;
e [(Cw)ql(_l)JrCl(l)q(m)atf

9h©
+(C<O)q,(~j2)+C§1)q}1)+C§,~2)q(m) oy

Note that although the zero order (34) and (C1) are
nonlinear because the coefficient e and Y in Eq. (34)
and Eq. (C1) depend on the dependent function 4®,
Egs. (36) and (37) are linear when those equations are
solved sequentially. This property leads to numerical
efficiency especially for the solution of the higher
order terms in the polynomial chaos expression of the
pressure head.

6.2. Uncorrelated f(x) and a(x)

The quantities C?, Y?, ¢ and p'” are expressed
by (28)—(31) from Karhunen-Loeve expansions. The
polynomial chaos expression of pressure head in
Eq. (13) can be expanded by two sets of uncorrelated
normal random variables {&;} and {n,} as

hx, 1) = hO +hD +h® + .. (38)

WD =3 (h& + hi'm;)
i=1

WP =3 (hf&E + i Emy + b )
i=1 j=1
By substituting (28)—(31) and (38) into (34) for
m=1 and Eq. (C2), multiplying § and 7;,j=
1,2,3,..., taking expectation of the resulting
equations, and considering the following properties
of § and m;

(&&) =8, (mmp) =8, (&mp =0
we obtain

o o O vpé | £
LV VYOVHE o+ gf

i=1,2,3,...
(39)

Co

[VAEn]l, = 0f

)l =0
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(h)l =0
0f = —[pVH” + 2yml p®
d=g efy(mqg + VYEVH? + 2)

e (O (0>) h()

and

ah? 21m (0) i n :
COW:Vhl +VY Vl’ll +gl l:1,2,3,

(40)

[Vhn]l;, = Q]
(hHlp, =0
(hn)|t:0 =0
0! = —[p!V(h” + 2]l /p”

gl=ge gl + VYV + z)

—_y©®

(C(O) 77_|_C7) (0))

By substituting (28)—(31) and (38) into (34) form = 2
and Eq. (C3), we have

Z LEh)EE + Z LB,

ij=1 ij=1

+ Z LI"(h"™mym; = 0 (41)
ij=1
where LE(ht), L(h"), and L"(h™) are defined in
Appendix D.

Multiplying (41) by &,¢, and ,,m,, m,n=1,2,...,
considering the orthogonarity and the independency
of series {&;} and {m,}, and taking expectation of the
resulting equation yields

Lyt (%) + L™ = 1,2,3,... (42)

0, m,n=
Lin(h") = 0
Eq. (42) can be further simplified as

oh;;
ij 2 (0)
co— b= Vihy+ VYO Vi + gy

43)
i=j=1,273,..
[V n|F2 Ql]

hij|F1 =0
hiili—o

where h; = hff +hy",
Appendlx E.

Similar to the perfectly correlated case, the partial
differential equations for the deterministic head
coefficients hf, h" and hy; are linear.

and Q; and g; are defined in

7. Means and variances of pressure head and water
content

Once Egs. (34), (36), (37), (39), (40), and (43) are
solved, the mean and variance of pressure head can be
computed directly. In this work, only second order
terms of pressure head h(x,t) is determined, all the
moments are evaluated up to second order in the
standard deviation of f(x) and a(x). The mean and
variance of pressure head and water content are
expressed as

(hx. 1)y = W'+ (hif + n"), (44)
i=1

o = D 1) + (W)

i=1

() = (6, — 0)exp<2 h“”){( —%ah)

- % & WOV (i + hM
i=1
2 _l_L-«»)w 62 L 2
+a ( s "1 Z[(h,.) + (W11
+ah<°>( -h<°>) Z ah!
+(h)? ( 3 -h“’)) Z a0 } 45)

092 = (6 — 9r)2e><p(o7h(°>)ﬁd2(h<°>)2

X [d2 > o
=
+(n”)? Z Q; ai]
i=1

+ 1" +2ah” > bl
i=1



28 J. Yang et al. / Journal of Hydrology 294 (2004) 18-38

for the case of uncorrelated f(x) and «(x), and

(hx, 1)) = K +> by (46)
i=1
o => ()
i=1
(0) = (6, — e)exp<lah<°>) (1 - lah)
S T 2 2
IR REATNE <
g0 2 0y

11 <
2 ~1.(0) 2
+a(__—_—w ) )
8 16 ;
11 <
+&h(°)(— — - —ah® ) > ah;
2 8 P
11 <
+(h(()))2(_ . dh(o)) Z aiai} (47)
8 16 P

1
(rg = (6, — Or)zeXp(dh(O))de(h(o))z

X [072 > hi+ 260> by + 077D aiai:l
i=1 i=1 i=1

for the case of perfectly correlated f(x) and a(x).

8. Numerical implementation

The head coefficient (34), (36), (37), (39), (40), and
(43) are deterministic partial differential equations
and cannot, in general, be solved analytically and are
therefore solved by any efficient and reader preferred
numerical method. The numerical implementation is
facilitated by recognizing that the head coefficients
are governed by the same type of equations but with
different forcing terms. We approximate the spatial
derivatives by a central-difference scheme and the
temporal derivatives by an implicit method. The zero
order mean flow equation for both perfectly correlated
and uncorrelated cases is the same. This equation is
nonlinear and thus needs to be solved in an iterative
manner. Once the mean pressure head h© is solved,
the linear equations for the other head coefficient
terms can be solved sequentially and the coefficient
matrix of the resulting system equations are the same.

This behavior of the resulting head coefficient
equations renders efficiency in the numerical method.
Due to the symmetry of the coefficients h;(x, ) X
(i,j=1,2,...,N,), the number of times needed to
solve the linear system of equations is N,(N, + 1)/2,
where N, is the number of truncation terms of the
Karhunen-Loeve expansion. Because up to second
order terms are evaluated in this study, only A;;(X, f) X
(i=1,2,...,N,) are needed for the calculation of the
moment of pressure head and water content, which
reduce the computational efforts significantly.

9. Illustrative examples

In this section we attempt to demonstrate the
applicability of the developed stochastic model to
saturated—unsaturated flow in hypothetical soils. The
log-transformed saturated hydraulic conductivity f(x)
and the pore size distribution parameter «(x) are
assumed to be second order stationary, with a
separable exponential covariance given in (7). In
this situation, the eigenvalues and eigenfunctions can
be determined analytically by (8)—(11). Fig. 1 shows
the monotonic decay of the eigenvalues. The decay
rate is related to the correlation length and the size of
the simulation domain. The larger the correlation
length, the faster the decay rate of the eigenvalue to
zero, and the fewer terms needed in the Karhunen-
Loeve expansion. In the selected examples with

10
0.8
0.6

0.4

0.2

Index in the Karharnen-Loeve Expansion

Fig. 1. Eigenvalues associated with Eq. (7) for y; = v, =50 cm
and L; = L, = 150 cm.
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Fig. 2. Eigenfunctions d)? forn =1, 5, 10 and 20 associated with Eq. (9) for vy = y, =50cm and L; = L, = 150 cm.

the correlation length from 30 to 50 cm, only 10—80
terms are required to obtain results that are consistent
with the first-order moment-based model. Fig. 2
shows some eigenfunctions obtained from Eq. (10).
With the increase of the terms in the KL expansion,
the higher frequency random fluctuations will be
involved in the analysis, and the contribution of these
higher frequency terms to the solution processes will
decrease because the eigenvalues decrease
dramatically.

The numerical approach can easily handle the
nonstationarity if other forms of covariances of f(x)
and a(x) are provided and Eq. (6) can be solved
analytically or numerically to determine the eigen-
values and eigenfunctions, which serve as the input to
the numerical solution of the head coefficient
equations.

9.1. Uncorrelated case

In this example, we first try to show the validity of
the proposed stochastic models and numerical

implementation by comparing our numerical results
with those from the conventional moment-equation-
based stochastic models (Lu and Zhang, 2002;
Zhang and Lu, 2002). We consider a rectangle grid
of 21 X 61 nodes in a vertical cross-section of
120 cm X 360 cm. The boundary conditions are
specified as follows: constant pressure head at the
bottom with the pressure & = 0, a constant infiltration
flux Q, at the top, and no-flow at the left and right
sides. The input parameters are given as f = 0.0 (i.e.
the geometric mean of saturated hydraulic conduc-
tivity equals to 1.0 cm/T, where T is any time unit, as
long as it is consistent with the time unit in Q,),
07 =0.1,a=003cm ', ¢2=25x10"cm 2,
Vi = Vi = Yax = Yar = 30cm, 6,=0.3, 6, =0.0,
0, = —0.01 cm/T, where negative sign in Q, rep-
resents infiltration. Fig. 3 depicts the first two
moments of pressure head at the steady state from
the Karhunen-Loeve expansion and perturbation
based stochastic model (KL-based model) and the
moment-equation-based stochastic model (moment-
based model). The zeroth-order mean equations are
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Fig. 3. Comparison of the mean pressure head and variance
calculated from the KL-based model with those from moment-based
model, the uncorrelated case. ‘unc’ indicates uncorrelated f(x)
and a(x).

the same from the two stochastic models. In the KL-
based model the second-order mean pressure head is
calculated and it is shown that the contribution of the
second-order terms to the mean pressure head is small
for the given statistical parameters of the random
functions (Fig. 3a). We also calculated the mean
pressure head to second order for the case
O'f2 =0.5, 02 =20x10"*cm %, and Vi = Yy =
Yar = Yoz = 30 cm, and obtained a similar result.
Fig. 3b shows the variance of pressure head from the
moment-based model and that from the KL-based
model with different numbers of terms in the
Karhunen-Loeve expansions of f(x) and a(x). When
we expand f(x) and «(x) with 80 terms, the pressure
head variance from the two stochastic models

are almost the same. This comparison indicates
the correctness of our proposed model, because
the moment-based model has been validated pre-
viously by Monte Carlo simulations (Zhang and Lu,
2002). More importantly, this example demonstrates
the efficiency of the proposed model in computational
efforts compared with the moment-based model, at
least for the random parameters given in these
examples. In the moment-based model, equations
for Cyu(x,y;t,7), Chf(x, Y: £, 7), Cro(X,y; ¢, 7) and the
mean equation of pressure head have to be solved
(Zhang and Lu, 2002). Because the covariance
equations are functions of arbitrary two space points
x and y in the simulation domain, the computation of
these equations is demanding. Instead of solving the
covariance equations, the KL-based model solves for
a small number of the deterministic coefficients
hi(x,t) and h;(x,t), i = 1,2,...N,, which are gov-
erned by the equations that are similar to the
covariance equations (with fixed reference point y)
in the moment-based model, where N, is the number
of terms in KL-expansion of the random function f(x)
and a(x). For the case of n grid nodes in the simulation
domain, the moment-based model needs to solve the
resultant linear system of equations for n,, =n; +3Xn
times, where n; is the number of iterations for the
nonlinear equation of mean pressure head. The KL-
based model needs to solve the equations for n; =
n; +3XN, times. In the present example, n=
1271, N, = 80, and n; = 6, we have n,, = 3819 and
n, = 246, giving approximately a difference of 15
times between the two models. This advantage will be
more significant for larger-size problems and for the
higher-order analysis (Zhang and Lu, 2004).

9.2. Perfectly correlated case

Since the moment-based computer model of Zhang
and Lu (2002) did not implement the perfectly
correlated case, we first conduct simplified simu-
lations to test the correctness of the proposed perfectly
correlated KL-based model. We assume that one of
the variances of f(x) and a(x) equals to zero and
compare the simulation results with those from
the corresponding moment-based model. One
simulation case is for the input variance o> = 0 and
a'f2 = 2.0 and another case for o2 = 2.0x 10™* and
afz = 0. All other input parameters for the two cases
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Fig. 4. Calculated pressure head variance from the KL-based model
of the perfectly correlated and uncorrelated cases and compared
with that from the moment-based model. a'/2 =2, o-i =20x107%,

3 5

Vi =Y = Yar = Yar = 0cm, L =L, =150cm. ‘unc’ indi-
cates uncorrelated case and cor indicates perfectly correlated case.

are the same: &= 0.04cm ', Vo = Y = Yoax =
Yor =50cm, Ly =L, = 150 cm, 6, = 0.3, 6, = 0.0,
and O, = —0.01 cm/T. The simulation results from
the KL-based models with different terms in the
Karhunen-Loeve expansion both for perfectly corre-
lated and uncorrelated cases are comparable with
those from the moment-based model, indicating the
correctness of model for these special cases.

Fig. 4 shows the effect of the correlation patterns
of the input random functions on the pressure head
variance. By wusing the same input random
parameters as described above (a'f2 =2.0, o-i =
20x 1074 cmfz), for uncorrelated case the head
variance from the KL-based model and the moment-
based model are identical. However, the head
variance for the perfectly correlated case is signifi-
cantly different from that for the uncorrelated case
(Fig. 4). We compared our numerical results with the
analytical solution of Yeh et al. (1985b) for both
perfectly correlated and uncorrelated cases. From
their analytical results, we can calculate the ratio 7,
of the standard deviation of the uncorrelated case to
the perfectly correlated case, r,. = (07)unc/(On)cor =
(0} + Hyo2)"?I(o; — H.0,), where (07)ye and
(07)cor are the standard deviation of pressure head,
H, and H_ are the suction head for the uncorrelated
and correlated cases in unbounded domain, respec-
tively. By substituting 07=2.0,05=2.0x10"*cm ™2,

360

300

N 180 —a—— cor
—O—— unc
120
60,
0||||||\|||\||||||||||||||\|1||
0 50 100 150 200 250 300

Varaince of Pressure Head

Fig. 5. Calculated pressure head variance from the KL-based
model of the perfectly correlated and uncorrelated cases, and
compared with that from the moment-based model. of =0.1, o-ﬁ =
25%X107° em™?, Y4 = Vo = Vo = Yar = 30cm, L; = 120 cm,
L, =360 cm.

and H,=H.=109 cm into above formula, we have
roe=11.2. The numerical result from the KL-based
model in bounded domain for perfectly correlated
and uncorrelated case is r,,=14.2, which is compa-
tible with the analytical result of Yeh et al. (1985b)
for unbounded domain. Fig. 5 presents the variance
of pressure head for the case of perfectly correlated
f(x) and a(x), the parameters of which are the same
case as those for Fig. 3. It is seen that the inclusion of
the f(x) and a(x) correlation generally reduces the
head variance. By substituting the simulation input
parameters (7%20.1,0'3(:2.5><1075 cmfz, and
H,=H.=193cm, we have r,=1.59 from the
analytical result of Yeh et al. (1985). In our example,
the standard deviations of pressure head for uncorre-
lated and correlated cases are 17.3 and 11 cm,
respectively, and we have r,=1.60, which is very
close to the result from the analytical model. Both
our numerical results and the analytical results of
Yeh et al. (1985) indicate that the correlation
structures of f(x) and a(x) have a large effect on
the variance of pressure head.

9.3. Underground irrigation and drainage
in saturated—unsaturated soils

The examples in this section show an underground
pipe irrigation and a drainage problem in stationary
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or nonstationary soils. In the example of
underground pipe irrigation, the domain is of size
150 cm X 150 cm. The pipe is located at the depth of
50 cm below the ground surface with an irrigation
rate of —0.1 cm/T. The boundary conditions are:
specified recharge (—0.01 cm/T) at the top and
constant pressure head (0 cm) at the bottom, and no-
flow boundaries at the two lateral sides. The input
parameters are: af2 =2.0, a=0.04 cm_l, aﬁ =
20X 107%em ™2, My = Mg = Moy = M = 50 cm,
0, = 0.3, and 6, = 0.0. Fig. 6 illustrates the redistribu-
tion of irrigated water and the corresponding standard
deviations of pressure head and water content in the
domain. When water is irrigated from the underground

(@)

150

X

pipe, pressure head near the pipe is higher and so is the
mean water content (Fig. 6a and b). However, the
standard deviations of pressure head and water content
have different patterns. Near the irrigation pipe, the
pressure head standard deviation is high compared to
that in the surrounding area, but the standard deviation
of water content is lower near the pipe. This is
reasonable because the standard deviation of water
content becomes small when the water content
increases with the increasing pressure. In the practical
experience, the water content variability of samples
from the very dry or very wet soil is small and the large
water content variability is always found in the middle
range of water content. Fig. 7 shows the effect of

(b)

150

X

Fig. 6. Contours of mean (a) and standard deviation (c) of pressure head, and mean (b) and standard deviation (d) of water content for the cases

with pipe irrigation.
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Fig. 7. Contours of mean (a) and standard deviation (c) of pressure head, and mean (b) and standard deviation (d) of water content for the cases
with pipe irrigation and an embedded zone of lower mean saturated conductivity below the irrigation pipe.

medium nonstationary on statistics of the soil water
distribution. In this example, there is a thin layer of
slightly different soils embedded in the otherwise
spatially stationary soil. The layer is of thickness 10 cm
and width 150 cm with its center at depth of 65 cm
below the ground surface. The geometric mean of
saturated soil conductivity of the layer is 0.135 cm/7,
and all other parameters are kept unchanged. Com-
parison between Fig. 7 and Fig. 6 reveals that this
nonstationary medium feature has a significant impact
on the mean pressure head field and the associated
predictive uncertainty. The maximum standard

deviation of pressure head for the nonstationary f(x)
distribution is along the top of the lower conductivity
layer (Fig. 7c) and for the stationary one is near the
irrigation pipe (Fig. 6¢). Fig. 7b and d are also very
different from their counterparts in Fig. 6 in that the soil
water moves mainly in the lateral direction above the
thin layer (Fig. 7b) while it moves preferentially
downward for the case of stationary medium (Fig. 6b).
The small water content standard deviation region is
below the irrigation pipe and above the lower
conductivity layer where the water content is large
(Fig. 7d).
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The next example involves flow to a drain in a
saturated —unsaturated system with infiltration at the
top, impermeable boundaries at the other three
sides, and a drain in the middle of the left side. The
drain is simulated as a constant pressure head
boundary. The flow domain with a size of 600 cm
in the horizontal direction and 300 cm in the
vertical direction is divided into 30 X 60 square
elements. The soil properties are given as
07 =05 a=003cm ', ¢2=25x10"7cm 7,
N = Mg = Nax = Nae = S0 cm, 6, =0.3, and 6, =
0.0. The uniformly distributed infiltration rate at the
surface is Q; = —0.01 cm/T. The simulated mean
and standard deviation of total hydraulic head, and
water flow pattern are shown in Fig. 8. Because the
head standard deviation is zero at the constant head
boundary (i.e. at the drain), the maximum standard
deviation occurs along the soil surface where the
infiltration boundary is applied (Fig. 8a). In this
unsaturated—saturated system, both the mean and
the standard deviation of the flow quantities have
complicated, nonstationary patterns, which cannot
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Fig. 8. Contours of standard deviation of pressure head (a), and total
hydraulic head and flow field (b) with the drainage in saturated—
unsaturated soils.

be delineated accurately without considering the
coupling between the two flow regimes.

10. Summary and conclusions

A stochastic model for transient flow in
saturated—unsaturated zones is developed based on
the Karhunen-Loeve expansion of the input random
functions combined with the perturbation method.
The log-transformed saturated hydraulic conductivity
f(x) and the soil pore size distribution parameter a(x)
are assumed to be normal random functions with
known covariances. f(x) and a(x) are first expanded
by the Karhunen-Loeve decomposition and the
pressure head is expanded as polynomial chaos with
the same set of random variables as those from the
expansion of f(x) and a(x). We studied the cases of
perfectly correlated or uncorrelated f(x) and a(x). By
using the Karhunen-Loeve expansion of the input
random parameters, polynomial chaos expansion of
pressure head, and the perturbation method, the
governing equation of the saturated—unsaturated
flow and the corresponding initial and boundary
conditions are represented by a series of partial
differential equations in which the dependent vari-
ables are deterministic coefficients of the polynomial
chaos expansion. Once the partial differential
equations are solved subsequently, the deterministic
coefficients in the polynomial chaos expansion are
obtained and the random representation of the
pressure head is obtained by combining these
deterministic coefficients and the random variables
from the Karhunen-Loeve expansion of the input
random functions through truncated polynomial
expansions. The moments of pressure head and
water content can be determined efficiently by taking
the advantage of the orthogonality of the normal
random variables in the expansion. We demonstrated
applicability of the proposed KL-based stochastic
model with some examples of unsaturated and
saturated—unsaturated flow in two dimensions and
compared the results with those by the moment-based
stochastic model. The main findings of this paper are
as follows:

1. By combining the Karhunen-Loeve expansion of
the input random function of the unsaturated
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porous media f(x) and «(x), the polynomial
chaos expansion of pressure head A(x, ), and the
perturbation method, the governing equation of
the saturated—unsaturated flow and the initial
and boundary conditions can be represented by a
series of partial differential equations which can
be solved by any suitable numerical methods.

2. For the nonlinear saturated—unsaturated flow,
only the zero order head equation is nonlinear,
the other equations are linear. All the head
coefficient equations of the same type but with
different forcing terms, which will make the
numerical modeling very effective because it is
not necessary to rebuild the coefficient matrix
for different orders of head coefficient equations
in each time steps.

3. The developed KL-based stochastic models are
compared with the moment-based stochastic
model. The simulation results from the two
stochastic models are identical for the same
perturbation order. However, the proposed
KL-based model is much more efficient because
only a few terms in KL expansion are required
(20-80 terms in our examples) for the input
random porous media properties.

4. The illustrative examples show the potential
applicability of the proposed stochastic model to
the complicated saturated—unsaturated cases.
The examples indicate that the correlation
structures and the nonstationarity of the input
random functions f(x) and «(x) have a large
effect on the calculated results of the mean and
variance of pressure head and water content.
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Appendix A
By substituting (13) and (22) into (16)—(21), and

collecting the like terms, we have

Y, =f + ah; + ',

Cihi + Craay,

Yy = ah; + a;hy;
Cij = C21hij + szhihj
+C23h1aj + C240[i0(j

1
V= fi+ah+ WO py=Y;+ 5V,

1
a4 = ~Y;+ 5 YY;

=Y.
pl 1 2
qi = _Yi(l)’
Appendix B

By substituting (13) and (27) into (16)—(21), and
collecting the terms of the same kind, we obtain

Yl‘-”t = dhig +£, YJTI = dhj” + h(O)aj

Y =ah, V"= ah"+ osht,
1
CF: Cllhf’ C]’: Cllh;l+C12a-,

ng == Czlhig + szhighjg, an == C21hl-§jn + C23hl§aj,
1

Ci;-m = CZIhgn + EC23(h:’aj + h;’a,») + C24a,-aj

qf = —ahi —f, g = —ah! = i

ity L ¢ .y
¢ = —anf + EYZ?Y]?, g = —ahi" — ahf +vFY!

1 1
g = —ah]" - E(aih;’ + a;h]) + EY,-”Y]’
pmabrs,  pma i

1

pif = ahif + SY[Y. pi = ahi + oghf + YY)

_ 1 1
pi" = ahj" + S (ah! + ah) + S Y'Y
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Appendix C

The driving terms g™, Q", h(lf']’) , and hf;’f) can be
determined from (33) for m=1, 2, and 3,
respectively.

For m = 0, the driving terms are:

©0)

0 — 5o ¥
=g¢c
§ 0z

g en (C1)

_y©®

Q(O) =€ ! Q,le p(()) — Vzn
0 _ (0)

hﬂ - hrl, hlm - hini

For m = 1, we have

gV =ge gV + vrOvn© + z)

—y©®

(C(O) (1)+C(1) (0)) (C2)

oV = (- PV + z)]-n}lp/p“”
1) _ (H _—

hF1 =0, b, =0

and for m = 2, we obtain

g?=ge "¢ + VYOV 4 VYO.VRO 4 o)

- an
Y“”[(C(O)q(l)_,_c(l) O pacant
ah“’)
+(C(1)q(1)+c(2)q(0)+C(0)q(2)) oy (C3)
Q(2) ={- [p(l)vh(l) ~|—p(2)V(/’l(o) +Z)]'n}|rz/e P(O)

WY =0, Ky =0

mi

Appendix D

By substituting (27)—(31) and (38) into (C3) and
collect the like terms which related to the uncorrelated
normal random variables §; and 7;, we have

Z LEM)EE + Z L (R ém,
ij=1 ij=1
+ Z LI"(H™mym; =0 (D1)

ij=1

The operators in above equation are defined as

hst ohs
Ligjf(hff) =" 040 a;l e "0 -

_y® oh® © ahg
+e Y C(O) q§§+ -Y (O)Cf
ar Y Lot
0) 0)
—y©® a]’l £ & —y® ) ah 123
——Ciq; +e q ) a7 —C;

- Vy<0>.Vh§j§ — VY{vit

_y0)
- VY§§~V(h(O) +z)—ge Y qu‘f

(D2)
+ fY“"C(O) nah"
LAFY

- ah® oh!
+e Y(O)C(O)qi?n +e —y©® (O)C»,’ '

at at

0)
,ym)C.,, ,, o n o1 (O)C,m ah®

at at
— V2R — VY“”-Vh??" — VY".VAh!
ij y ! J
VYV +2) - g e T gm

g

—¥® ~0) (0) ahf]’"
L,.*J?’”’(h”")ze cVg ——

(D3)
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¥ O én dh®

ngjn( REMY = e Y COg® 0

+e iy
n
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_ oh®
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_y© Ry
+e gV = O = VA = VYO A
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Appendix E

The expectation of the normal random variables
can be written as

<§inj§m§n> = <n]><§z§m§n> = Ov (El)
<ninj§m§n> = <nzn]><§m§n> = 818
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<§1§j§m§n> = 81j8mn + 6im8jn + 8[11 6jm

By multiplying §,&,(m,n,= 1,2,3,...) of the both
side of Eq. (41) and taking expectation, we have

Z Ligjg(hgg)(Sij On + Sim 8j" + O Sfm)
=1
=+ Z Lgn(hnn)(sij(smn =0,

ij=1

mn=1,2,...

By using the properties (E1) of the Kronecker delta
function, we obtain

LE, (08, + L, (h%) + L, (h%)
+ Ly (h"™)8,, =0,  mn=1.2,.. (E2)

Similarly, by multiplying the second order equation
by n,,m, and rearranging, we have

L (B8, + L (R™) + L7 (R
+ Ly (B8, =0, mn=1.2,.. (E3)

Because of the symmetry of L, and L, about m and

n, (E2) and (E3) can be written as
LEMGS + L™ =0, m=n=1 (E4)

The equation for h; and the corresponding boundary
and initial conditions can be written as Eq. (43) with
Q;; and g;; are defined by

_ an?
gj=—e Y(O)[dg+(q(°)Czl —ac®—— |y
0
+aV(h® +2)Vhy +e " (g o )Zw

_y© Ry
SRR IR RS 2

1
F L+,

2 i=zj=1 (ES)

1 1 1
1 12%3 E

1
7 = C22h;'§hj§ ) Cos(hi'a; + hi'ay) + Cosicy;

1

&P = VY[ -Vh! + VYiVh

-vO  ~0) & £ (0) ahf
—¢ (CVq; + Ciq )g

YO 0 m o
—€ (C7q; +Ci'q )W

_y© oh©®
—e " (Cig; + Clg)—

and
1
Q; = —[ 3 (VI + pIVR! + piVhf + pVh])

+2 V(R + z)]-n| /p?

— hy[aV(h” + 2)]nlp,p® (E7)

1 1 1
(5) _ ©Oy® n n y(n)y(n)
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