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In tro duction

� Thepurposeof this paper is to present a localsupport-
operatorsdi�usion discretizationfor arbitrary3-Dhex-
ahedralmeshes.

� Weusethe standard�nite-element de�nition for hexa-
hedra[1].

� The method that we present is a generalizationof a
similarschemefor 2-D r � z quadrilateralmeshesthat
wasdevelopedby Morel,Roberts,andShashkov [2].

� We assumea logically-rectangularmeshin our deriva-
tion forconvenience,but theschemecanalsobeapplied
to unstructuredmeshes.
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In tro duction (Con t.)

� The di�usion equationthat we seekto solve can be
expressedin the followinggeneralform:

@�

@t
�

� !
r �D

� !
r � = Q ; (1)

wheret denotesthe time variable,� denotesa scalar
functionthat wereferto astheintensity, D denotesthe
di�usion coe�cient, andQ denotesthe sourceor driv-
ing function. It is sometimesusefulto expressEq. (1)

in termsof a vectorfunction,
� !
F , that we referto as

the 
ux:

� !
F = � D

� !
r � :
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Prop erties of the Scheme

1. It is a cell-centered discretizationfor arbitrary hexa-
hedralmeshesbut hasboth cell-center andface-center
intensities.

2. It givessecond-orderconvergenceof the intensity on
both smooth and non-smooth meshesboth with and
without materialdiscontinuities.

3. It generatesa sparseSPDcoe�cient matrix.

4. It is equivalent to the standard7-point cell-center dif-
fusiondiscretizationschemewhenthe meshis orthog-
onal.



Page6 of 36

The Supp ort-Op erators Metho d

Wenextdescribethesupport-operatorsmethod. It isconve-

nient at thispoint to de�nea
ux operatorgivenby � D
� !
r .

Thedi�usion operatorof interestis givenby the product of

thedivergenceoperatorandthe
ux operator: �
� !
r �D

� !
r .

The support-operatormethod is basedupon the following
threefacts:

� Given appropriatelyde�ned scalarand vector inner
products,thedivergenceand
ux operatorsareadjoint
to oneanother.

� The adjoint of an operator varieswith the de�nition
of its associatedinnerproducts,but is uniquefor �xed
innerproducts.

� The product of an operator and its adjoint is a self-
adjoint positive-de�niteoperator.
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The Supp ort-Op erators Metho d (Con t.)

The adjoint relationshipbetweenthe 
ux and divergence
operatorsis embodiedin the following integralidentit y:

I

@V
�

� !
H �

� !
n dA �

Z

V
D � 1� !

H � D
� !
r � dV =

Z

V
�

� !
r �

� !
H dV ;

where� is an arbitrary scalarfunction,
� !
H is an arbitrary

vector function,V denotesa volume,@V denotesits sur-

face,and
� !
n denotesthe outward-directedunit normalas-

sociatedwith that surface.
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The Supp ort-Op erators Metho d (Con t.)

Our support-operatormethod canbe describedin the sim-
plesttermsasfollows:

1. De�ne discretescalarand vectorspacesto be usedin
a discretizationof the integralidentit y.

2. Fully discretizeall but the 
ux operatorin the identit y
over a singlearbitrary cell. The 
ux operator is left
in the generalform of a discretevectoras de�ned in
Step1.

3. Solve for the discrete
ux operator (i.e., for its vec-
tor components) on a singlearbitrary cellby requiring
that the discreteversionof the identit y hold for all el-
ements of the discretescalarandvectorspacesde�ned
in Step1.
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The Supp ort-Op erators Metho d (Con t.)

4. Obtain the interior-meshdiscretizationof the identit y
by connectingadjacent meshcellsin such a way asto
ensurethat the identit y is satis�edover thewholegrid.
This simplyamounts to enforcingcontinuity of inten-
sity andnormal-component 
ux at the cell interfaces.

5. Changethe 
ux operatorat thosecell faceson the ex-
terior meshboundarysoasto satisfythe appropriate
boundaryconditions.

6. Combine the globaldivergencematrix and the global

ux matrix to obtain the globaldi�usion matrix.
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Deriv ation of the Discretization

� We beginby de�ning our meshindexing.

� We useboth globalandlocal indexing.

� Localindicesenableusto uniquelyde�necertainquan-
tities that areassociatedwith a vertex or facecenter
and a cell.

� The following �gures illustrate the indexing.
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Figure1: Globalindexesfor four verticesassociatedwith
cell (i; j ; k).
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Figure2: Localandglobalindicesfor threeof six face
centersassociatedwith cell (i; j ; k).
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Figure3: Localandglobalindicesfor threeof six face
centersassociatedwith cell (i; j ; k).
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Figure4: Vertexsharedby the Right, Top,andUp faces
having local indexRTU.
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Deriv ation of the Discretization (Con t.)

� Theintensities(scalars)arede�nedto existat both cell
center: � C

i;j ;k , and on the facecenters: � L
i;j ;k , � R

i;j ;k ,

� B
i;j ;k , � T

i;j ;k , � D
i;j ;k , � U

i;j ;k .

� As previouslynoted, the useof local indicesimplies
that aquantit y isuniquelyassociatedwith asinglecell.
For instance,unlessit is otherwisestated,oneshould
assumethat � R

i;j ;k 6= � L
i+1;j ;k .

� Vectorsare de�ned in termsof face-areacomponents
located at the face centers: f L

i;j ;k , f R
i;j ;k , f B

i;j ;k ,

f T
i;j ;k ,f D

i;j ;k , f U
i;j ;k , wheref L

i;j ;k denotesthe dot prod-

uct of
� !
F with the outward-directedareavector lo-

catedat the center of the left faceof cell i; j ; k. The
otherface-areacomponents arede�nedanalogously.
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Deriv ation of the Discretization (Con t.)

� The area vector is de�ned as the integral of the
outward-directedunit normalvectorover the face,i.e.,

� !
A =

I
� !
n dA ;

where
� !
n is a unit vectorthat is normalto the faceat

each point on the face.

� The averageoutward-directedunit normal vector for
the faceis de�nedasfollows:

*
� !
n

+

=

� !
A

k
� !
A k

;

wherek
� !
A k denotesthe magnitude(standardEuclid-

ian norm)of
� !
A .
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Deriv ation of the Discretization (Con t.)

� This de�nition can be usedto convert face-area
ux
components to face-normalcomponents if desired,e.g.

� !
F �

*
� !
n

+

=
� !
F �

� !
A

k
� !
A k

;

=
f

k
� !
A k

:

� Note that k
� !
A k is equalto the faceareaonly when

the faceis 
at.

� Interestingly, the true faceareasnever arisein our dis-
cretizationscheme.
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Deriv ation of the Discretization (Con t.)

� Sinceit takes three components to de�ne a full vec-
tor, the full vectorsareconsideredto be locatedat the

cell vertices:
� !
F

LB D

i;j ;k ,
� !
F

RB D

i;j ;k ,
� !
F

LT D

i;j ;k ,
� !
F

RT D

i;j ;k ,

� !
F

LB U

i;j ;k ,
� !
F

RB U

i;j ;k ,
� !
F

LT U

i;j ;k ,
� !
F

RT U

i;j ;k .

� Each vertex vector is constructedusingthe face-area
components andareavectorsassociatedwith the three
facesthat sharethat vertex. For instance,

� !
F

LB D

i;j ;k =

f L

0

@
� !
A

B

�
� !
A

D 1

A

� !
A

L

�

0

@
� !
A

B

�
� !
A

D 1

A

+

f B

0

@
� !
A

D

�
� !
A

L 1

A

� !
A

L

�

0

@
� !
A

D

�
� !
A

L 1

A

+

f D

0

@
� !
A

L

�
� !
A

B 1

A

� !
A

D

�

0

@
� !
A

L

�
� !
A

B 1

A

:
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Deriv ation of the Discretization (Con t.)

� It is convenient for our purposesto de�ne an algebraic

ux vector, F̂ , consistingof the three face-areacom-

ponents associatedwith the physicalvector,
� !
F , e.g.,

F̂LB D =
�
f L

i;j ;k ; f B
i;j ;k ; f D

i;j ;k

� t
;

whereasuperscript\t" denotes\transpose."Thethree
face-areacomponents associatedwith the Right-Top-
Up vertexare illustrated in Fig.4. The algebraic
ux
vectorsfor the otherverticesarede�nedanalogously.
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Deriv ation of the Discretization (Con t.)

� Our next stepis to discretizethe integralidentit y over
a singlecell.

� We �rst discretizethe surfaceintegral:

I

@V
�

� !
H �

� !
n dA �

X

f
� f hf ;

wheref is the faceindexandthe sumis takenover all
faces.

� Next we approximatethe 
ux volumetricintegral:

Z

V
� D � 1� !

H � D
� !
r � dV �

X

v
D � 1

0

@
� !
H

v

�
� !
F

v1

A V v ;

wherev is the vertexindex,andV v denotesthe volu-
metricweight associatedwith vertexv.
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Deriv ation of the Discretization (Con t.)

� The vertex volumetricweight is a free parameterin
the support-operatorsmethod. We have tried several
di�erent weight de�nitions.

� The best choiceappearsto be one-eighth the triple
product of the threeedgevectorsthat sharethe ver-
tex. For instance,the volumetricweight for the Left-
Bottom-Down vertexcanbeexpressedasfollowsusing
the point numberingshown in Fig.2:

V LB D =
1

8

� !
R 1;2 �

� !
R 1;3 �

� !
R 1;4 ;

where
� !
R i;j denotesthe vector from vertex i to ver-

tex j .

� Sincetheseweights donot necessarilysumto the total
hexahedralvolume,we normalizethemto do so.
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Deriv ation of the Discretization (Con t.)

� Althoughtheexpressiongivenpreviouslyfor thephysi-
cal
ux vectorcanbeusedto evaluatethedot products
in the 
ux volumetricintegral,we �nd it preferableto
evaluatethem in termsof the algebraicface-area
ux
vectors.

� This is achievedby transformingthe face-areavectors
to Cartesianvectorsandthen taking the dot product.

� Thereisa separatetransformationmatrix for each ver-
tex. Let us denotethis matrix for the Left-Bottom-
Downvertexby A LB D . Althoughwecannotexplicitly
de�ne this matrix, we canexplicitly de�ne its inverse.
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Deriv ation of the Discretization (Con t.)

� This inversematrix transformsCartesianvectorsto
face-areavectors:

h
A LB D

i � 1 � !
H

LB D

= Ĥ LB D ;

where
� !
H denotesa Left-Bottom-Down Cartesian
ux

vector,

� !
H = (hx ; hy; hz)t ;

Ĥ denotesa Left-Bottom-Down face-area
ux vector,

Ĥ =
�
hL ; hB ; hD

� t
;

and

h
A LB D

i � 1
=

2

6
6
4

aL
x aL

y aL
z

aB
x aB

y aB
z

aD
x aD

y aD
z

3

7
7
5 ;

whereaL
x denotesthe x-component of the areavector

associatedwith the left face. The remainingcompo-
nents of the matrix arede�nedanalogously.
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Deriv ation of the Discretization (Con t.)

� To obtainA , we numericallyinvert A � 1.

� Wecannow rewritethe approximationto the 
ux vol-
umetric integral in termsof the face-area
ux vectors
asfollows:

Z

V
� D � 1� !

H �
� !
F dV �

X

v
D � 1

�
Ĥ v � SvF̂ v

�
V v ;

where

S = A tA ;

andthe dot product is takenin the usualway.

� Finally, we approximatethe divergencevolumetricin-
tegral:

Z

V
�

� !
r �

� !
H dV � � C X

f
hf ;

wherethe sumis takenover all faces.
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Deriv ation of the Discretization (Con t.)

� Putting all of the piecestogether,weobtainobtainthe
discretizedintegralidentit y:
X

f
� f hf +

X

v
D � 1

�
Ĥ v � SvF̂ v

�
V v = � C X

f
hf :

� This identit y must hold for all Ĥ . This requirement
uniquelydeterminesthe six face-areacomponents of
the 
ux operator in termsof the cell-center and face-
center intensities.In particulartheequationfor agiven

ux component is obtainedby settingthat component
to unity while setting the remaining�v e components
to zero. A matrix equationof the following form is
obtained:

W � 1F̂ = � �̂ ;

where

F̂ =
�
f L ; f R ; f B ; f T ; f D ; f U

� t
;

and

� �̂ =
�
� C � � L ; � C � � R ; : : : ; � C � � U

� t
:
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Deriv ation of the Discretization (Con t.)

� Numericallyinverting the 6 � 6 matrix, W � 1, we ob-
tain the desiredexpressionsfor the six face-area
ux
components associatedwith the cell:

F̂ = W � �̂ :

� Having enforcedthe discreteidentit y over each single
cell,we next enforceit over the entire meshsimplyby
requiringcontinuity of the intensity and the 
ow at
each cellfaceonthemeshinterior. For instance,at the
interior face(i + 1

2; j ; k), requiringcontinuity of the
intensity yields:

� R
i;j ;k = � L

i+1;j ;k = � i + 1
2;j ;k ;

whilerequiringcontinuity of the 
ow yields:

� f R
i;j ;k � f L

i+1;j ;k = 0 ;
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Deriv ation of the Discretization (Con t.)

� Eliminating the 
uxes via the W -matricesand elimi-
natinghalfof theface-center intensitiesvia thecontinu-
ity requirement, weareleft with oneintensity unknown
at each cell center, and oneintensity unknown with a
uniqueglobalindexat each facecenter.

� The equationfor the intensity at the center of cell
(i; j ; k) is the balanceequationfor cell (i; j ; k):

@� C

@t
V + f L + f R + f B + f T + f D + f U = QCV ;

whereV denotesthetotal cellvolume,QC denotesthe
cell-center inhomogeneoussource,and the cell index
(i; j ; k) hasbeensupressedfor simplicity.

� Theequationfor each face-center intensity onthemesh
interior is a continuity-of-
ow equation.For instance,
the equationfor � i + 1

2;j ;k is:

� f R
i;j ;k � f L

i+1;j ;k = 0 :
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Deriv ation of the Discretization (Con t.)

� The equationfor each face-center intensitieson the
outermeshboundaryis alsoa continuity-of-
ux equa-
tion, but an extrapolatedboundaryconditionis used
to de�ne the face-area
ux component in the "ghost
cell" adjacent to each boundary cell. For instance,
the equationfor � 1

2;j ;k takesthe followingformwith a

Marshak-type extrapolatedboundarycondition:

� f R
0;j ;k � f L

1;j ;k = 0 ;

where

� f R
0;j ;k =

1

2
k

� !
A kL

1;j ;k

�

� 1
2;j ;k � � e

1
2;j ;k

�

;

where
� !
A

L

1;j ;k is the Left areavectorassociatedwith
cell (1; j ; k), and � e

1
2;j ;k

is the extrapolatedintensity

associatedwith the boundaryface.

� This completesthe derivation of our discretization
scheme.
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Solution of the Equations

� We usepreconditionedconjugate-gradient method to
solve our equationson an unstructuredhexahedral
mesh.

� Theoperatorusedfor preconditioningisa 7-point pure
cell-centered discretizationthat resultsfrom our full
schemewhenthe o�-diagonalcomponents of the ma-
tricesareset to zero.This is completelyanalogousto
the preconditionerusedin [2].

� Theconjugate-gradient method is alsobeusedto solve
the preconditioningequations.
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Computational Results

� We have performeda set of calculationsintendedto
demonstratethat our support-operatorsmethod con-
vergeswith second-orderaccuracyfor a problemwith
a materialdiscontinuity anda non-smooth mesh.

� Therearetwo typesof meshesusedin all of the calcu-
lations:orthogonalandrandom.

� Everymeshgeometricallymodelsa unit cube,andthe
outer surfaceof each meshconformsexactly to the
outersurfaceof that cube.

� Each orthogonalmeshis composedof uniform cubic
cellshaving a characteristiclength,lc.
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Computational Results (Con t.)

� The randommeshesrepresent randomlydistortedor-
thogonalgrids. In particular,each vertexon the mesh
interior is randomlyrelocatedwithin a sphereof ra-
dius r 0, wherer 0 = 0:25lc. Theserandommeshesare
both non-smooth andskewed,but thesepropertiesare
approximatelyconstant independent of the meshsize.

� Theproblemassociatedwith the�rst setofcalculations
canbe describedasfollows:

� D (z)
@�

@z
= Qz2 ;

for z 2 [0; 1], where

D (z) = D 1 ; for z 2 [0; 0:5];

= D 2 ; for z 2 [0:5; 1];

with anextrapolatedzerointensity at z = 1+ 2D and
z = � 2D , andwhereD 1 = 1

30, D 2 = 1
30, andQ = 1.
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Computational Results (Con t.)

� The exactsolutionto this two-materialproblemis:

� = a + bz + c1z4 ; for z 2 [0; 0:5];
= a + c2z4 ; for z 2 [0:5; 1:0];

where

a =
Q(1 + 8D 2)

12D 2
; b =

Q (D 2 � D 1)

192D 1D 2
;

c1 = �
Q

12D 1
; c2 = �

Q

12D 2
:

� Thisproblemissolvedin 3-Donaunit cubehavingthe
extrapolatedconditionononesideof thecubetogether
with re
ectingconditionson the remaining�v e sides.

� We have performedseveral calculationsfor the two-
materialproblemwith meshesof varioussizes.

� Each calculationusesameshwith anaveragecellwidth
that is half that of the preceedingcalculation.
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Computational Results (Con t.)

� The relative L 2 intensity errorwascomputedfor each
calculationand is plotted asa functionof averagecell
length in Fig.5 togetherwith a linear �t to the loga-
rithm of the errorasa functionof the logarithmof the
averagecell length.

� The slope of this linearfunctionis 1.98.

� Perfect second-orderconvergencecorresponds to a
slope of 2.0.

� Thusweconcludethat our support operatorsdi�usion
schemeconvergeswith second-orderaccuracyfor the
two-materialproblemon randommeshes.
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Figure5: LogarithmicPlot of Error VersusCell Width
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Future Work

� We intend to investigatealgebraicmultigrid methods
for solvingour preconditioningequationson unstruc-
tured grids.

� Weintendto look at a moresophisticated9-point pure
cell-centeredpreconditioner.

� Weintendto investigatetheperformanceofourscheme
on highly non-linearproblems.
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