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In tro duction

The purposeofthis paperisto presehalocal support-
operatorsdi usion discretizatiorfor arbitrary 3-D hex-
ahedralmeshes.

We usethe standard nite-elemem de nition for hexa-
hedra[1].

The methal that we presenh is a generalizatiorof a
similarsdhhemefor 2-Dr  z quadrilateramesheshat
wasde\elopedby Morel, Roberts,and Shashév [2].

We assuma logically-rectangulameshin our deria-
tion for corveniencehut the sciemecanalsobeapplied
to unstructuredmeshes.
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Intro duction (Cont.)

The di usion equationthat we seekto sole can be
expresseah the folloving generaform:
@ ! .

a r Dr =Q ; (1)

wheret denoteghe time variable, denotesa scalar
functionthat wereferto astheintensit, D denoteshe
di usion coe cient, andQ denoteghe sourceor driv-
Ing function. It is sometimesisefulto expresq. (1)

!
In termsof a vectorfunction, F , that we referto as
the ux;
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Prop erties of the Scheme

. It is a cell-cetered discretizationfor arbitrary hexa-
hedralmeshe®ut hasboth cell-ceter andface-ceter
Intensities.

. It givessecond-ordecorvergenceof the intensily on
both smath and non-smoth meshedoth with and
without materialdiscotinuities.

. It generates sparseéSPDcoce cient matrix.

. It isequialert to the standard7-poirt cell-ceter dif-
fusiondiscretizatiorsdhiemewhenthe meshis orthog-
onal.
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The Supp ort-Op erators Metho d

Wenextdescrilethe support-operatoranethal. It iscorve-
I
niert at thispoint to de nea ux operatorgivenby D r .

The di usion operatorof interestis given by the product of
! !
the divergenceperatorandthe ux operator: r D r .

The support-operator methal is basedupon the follonving
threefacts:

Given appropriatelyde ned scalarand vector inner
products,the divergencand ux operatorsareadjoirt
to oneanother.

The adjoirt of an operator varieswith the de nition
of its assaciatedinnerproducts,but is uniquefor xed
Inner products.

The product of an operator and its adjoirt is a self-
adjoirt positive-de nite operator.
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The Supp ort-Op erators Metho d (Cont.)

The adjoirt relationshipbetweenthe ux and divergence
operatorsis enbodiedin the following integralidertity:

| | | Z | |
H n dA D 14 Dr dv=
@ Vv
Z o
r H dV ;
V

!
where is anarbitrary scalarfunction, H is an arbitrary
vectorfunction,V denotesa volume,@/ denotedts sur-

|
face,and n denoteghe outward-directedunit normalas-
saciatedwith that surface.
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The Support-Op erators Metho d (Cont.)

Our support-operatormethal canbe descriledin the sim-
plesttermsasfollows:

1. De ne discretescalarand vectorspacego be usedin
a discretizatiorof the integralidertity.

2. Fully discretizaall but the ux operatorin the idertity
over a singlearbitrary cell. The ux operatoris left
In the generalform of a discretevectorasde ned in
Stepl.

3. Sole for the discrete ux operator (i.e., for its vec-
tor compnerts) on a singlearbitrary cellby requiring
that the discreteversionof the idertity hold for all el-
emerts of the discretescalarand vectorspacesie ned
In Stepl.
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The Supp ort-Op erators Metho d (Cont.)

4. Obtainthe interior-meskhdiscretizatiorof the idertity
by connectingadjaceh meshcellsin sud a way asto
ensurdahat the idertity is satis edoverthe wholegrid.
This simply amouts to enforcingcortinuity of inten-
sity andnormal-compnen ux at the cellinterfaces.

5. Changeahe ux operatorat thosecellfacesonthe ex-
terior meshboundarysoasto satisfythe appropriate
boundaryconditions.

6. Conbine the globaldivergencenatrix and the global
ux matrix to obtainthe globaldi usion matrix.
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Deriv ation of the Discretization

We beginby de ning our meshindexing.

We useboth globalandlocal indexing.

Localindicesenablaisto uniquelyde necertainquan-
tities that are assaciatedwith a vertex or facecener
and a cell.

The following guresillustrate the indexing.
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Figurel: Globalindexedor four verticesassaiatedwith

cell(i; j : k).
k

1

| CELL (i,j,k)

- (i-12, U 2, k1/2)

1
2 - (i+12 , j-1/2, k-1/2)
3 - (i-12, j+1/2, k-1/2)
4 - (i-1/2 , j-1 2, k+1/2)
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Figure2: Local and globalindicesfor threeof six face
cenersassaiatedwith cell(i; j; k).

@ - (-1 2, K
- G, 172, k)

@ - G, j, k-1/2)
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Figure3: Local and globalindicesfor threeof six face
cenersassaiatedwith cell(i; j; k).

@ - (#1172, |, k)
@ -G, j+1/2, k)
@ - G, j, k+1/2)
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Figure4: Vertexsharedoy the Right, Top, andUp faces
having local indexRTU.

-
e
il
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Deriv ation of the Discretization (Cont.)

Theintensitiegscalarsprede nedto existat both cell
cerier: |CJ .» andon the facecerers: :-J o ﬁ ”

B T D U
sk ke Gjoker i ke

As previouslynoted, the useof local indicesimplies

that aquartity isuniquelyassaiatedwith a singlecell.

For instanceunlesgat is otherwisestated,oneshould
R L

assumehat {j ., 6 ...

Vectorsare de ned in terms of face-areazompnens
located at the face ceners: 1‘IJ K fIJ K flj K

1‘IJ k,fIJ A filj;k,wheref 5 denoteghe dot prod-

uct of F' with the outward-directedareavector lo-
catedat the cener of the left faceof celli; j; k. The
otherface-are@ommnerts arede ned analogously
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Deriv ation of the Discretization (Cont.)

The area vector is de ned as the integral of the
outward-directedunit normalvectoroverthe face,.e.,

|
|
A = n dA

|
where n s aunit vectorthat is normalto the faceat
eat point onthe face.

The averageoutward-directedunit normal vector for
the faceis de ned asfollows:

* +

|
! A
Nn =

!
KA kK

!
wherek A k denotethe magnitudgstandardeuclid-

!
lannorm)of A .
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Deriv ation of the Discretization (Cont.)

This de nition can be usedto corvert face-areaux
compnens to face-normatommnerts if desirede.g.

I
Note that k A k is equalto the faceareaonly when
the faceis at.

Interestinglythe true faceareasme\er arisein our dis-
cretizationstheme.
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Deriv ation of the Discretization (Cont.)

Sinceit takesthree compnens to de ne a full vec-

tor, the full vectorsareconsideretb be locatedat the
,LBD  RBD | LTD | RTD

cellvertices: F ik » Fijk » Fijk» Fijk s
LBU [ RBU' LTU ' RTU
Fijm Fijk »Fijks Fijk-

Ead vertex vectoris constructedusingthe face-area
compnens andareavectorsassaiatedwith the three
faceghat sharethat vertex. For instance,

oIB bl
Lo

Fij ik I|_0|B ID1+

N A A
0 1 0 1
DL LB
fB@a A A fD@Aa A A
L oD [(Ft—Dp 9T B+
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Deriv ation of the Discretization (Cont.)

It is corveniemn for our purposedo de ne analgebraic
ux vector,F, consistingof the three face-are@om-

!
ponens assaciatedwith the physicalvector, F , e.q.,

Fiep = figa fi e Fi "
whereasuperscriptit” denotestranspose."Thethree
face-arexompmnens assaciatedwith the Right-Top-
Up vertex areillustratedin Fig.4. The algebraicux

vectorsfor the otherverticesarede nedanalogously
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Deriv ation of the Discretization (Cont.)

Our next stepis to discretizehe integralidertity over
a singlecell.

We rst discretizehe surfacantegral.

| | ! N
H

@/ f

wheref iIsthe faceindexandthe sumis takenover all

faces.

Nextwe apprximatethe ux volumetricintegral:

Za 1! !

D "H Dr dVv
V
« 0 v Vl

| |
D '@y F AVY;
V

wherev is the vertexindex,andV " denoteghe volu-
metricweigh assaciatedwith vertexv.
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Deriv ation of the Discretization (Cont.)

The vertex volumetricweigh is a free parameterin
the support-operatorsmethal. We have tried seeral
di erent weight de nitions.

The best choiceappearsto be one-eigtin the triple
product of the three edgevectorsthat sharethe ver-
tex. For instancethe volumetricweigh for the Left-
Bottom-Davn vertexcanbe expressedsfollovsusing
the point numberingshavn in Fig.2:
1 ! ! !

viB D = gR12 R13 Rua ;

|
where R j;j denoteghe vectorfrom vertexi to ver-
tex| .

Sincetheseweiglts do not necessarilgumto the total
hexahedravolume,we normalizehemto do so.



Page22 of 36

Deriv ation of the Discretization (Cont.)

Althoughthe expressiogivenpreviouslyfor the physi-
cal ux vectorcanbeusedo ewaluatethe dot products
In the ux volumetricintegral,we nd it preferabldo
evaluatethem in termsof the algebraidace-areaux
vectors.

This is adhieved by transformingthe face-areaectors
to Cartesiarnvectorsandthentaking the dot product.

Thereis a separatéransformatiommatrix for eat ver-
tex. Let us denotethis matrix for the Left-Bottom-
Downvertexby A LB P | Althoughwe cannotexplicitly
de ne this matrix, we canexplicitly de ne its inverse.
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Deriv ation of the Discretization (Cont.)

This inversematrix transformsCartesianvectorsto
face-areaectors:
h i BDP
ALBD H - {LBD ,
! .
whereH denotes Left-Bottom-Daevn Cartesianux
vector,

|
H = (W;h%;h?)t
H denotesa Left-Bottom-Davn face-areaux vector,
I_/r — hL . hB . hD t .

and
2 3

a a%z

ay ay
a? ay a?
whereak denoteghe x-commnen of the areavector
assagiatedwith the left face. The remainingcomm-
nerts of the matrix arede nedanalogously

o<w<r
Q
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Deriv ation of the Discretization (Cont.)

To obtain A, we numericallyinvert A 1.

We cannow rewritethe apprximationto the ux vol-
umetricintegralin termsof the face-areaux vectors
asfollows:

X D 1 |_/rv Svr_é\v VAR

V
where

s=AlA

andthe dot productis takenin the usualway.

Finally, we appraimate the divergencevolumetricin-
tegral:

wherethe sumis takenover all faces.
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Deriv ation of the Discretization (Cont.)

Putting all of the piecetogetherwe obtainobtainthe

discretizedntegralidenity:

X X X
Rt + D 1 BV gvppv yv= C hf -
f v f

This idertity must hold for all H. This requiremen
uniguely determineghe six face-area&compnens of
the ux operatorin termsof the cell-ceter and face-
cener intensities.In particularthe equatiorfor agiven
ux commner is obtainedby settingthat compnern
to unity while settingthe remaining v e componens
to zero. A matrix equationof the follonving form is
obtained:

where

P = fLfR;fB.fT,§DgU b
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Deriv ation of the Discretization (Cont.)

Numericallyinvertingthe 6 6 matrix, W 1, we ob-
tain the desiredexpressionfor the six face-areaux
compnerts assaiatedwith the cell:

A -

F =W

Having enforcedhe discreteidertity over ead single
cell, we next enforcat over the ertire meshsimply by
requiring cortinuity of the intensity and the ow at
eat cellfaceonthe meshnterior. For instanceat the
interior face(i + %;j ; k), requiringconinuity of the
intensity yields:

R - L _ ,
ik = i+1ljk T i+%;j;k’

while requiringcontinuity of the ow yields:

R L - Nn-
fi;j 'k fi+1;j;k = 0;
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Deriv ation of the Discretization (Cont.)

Eliminatingthe uxes via the W -matricesand elimi-
natinghalfoftheface-ceter intensitiessiathe coninu-
ity requiremety we areleft with oneintensity unknavn
at eat cellcener, and oneintensity unknavn with a
uniqueglobalindexat ead facecerer.

The equationfor the intensiy at the cerier of cell
(i; J; k) isthe balancesquationfor cell(i; j ; k):
@°“ L,fR,¢B, sT,¢D,sU_ AC
——V+f-+f"+f"+f " +f-+f7 = Q~V

whereV denoteshetotal cellvolume,Q ¢ denoteshe
cell-ceter inhomogeneousource,and the cell index
(I; ] ; k) hasbeensupressetbr simplicity.

Theequatiorfor eat face-ceter intensity onthe mesh
Interior is a cortinuity-of- ow equation. For instance,

the equationfor +1 K IS:

R L - N -
ik T = 0
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Deriv ation of the Discretization (Cont.)

The equationfor eat face-ceter intensitieson the
outermeshboundaryis alsoa coninuity-of- ux equa-
tion, but an extrapolatedboundaryconditionis used
to de ne the face-areaux compnen in the "ghost
cell' adjacen to ead boundarycell. For instance,
the equationfor i .« [akesthe follovingformwith a

Marshak-ype extramlated boundarycondition:

R L _ A.
fO;j;k fl;j;k‘o’
where

1 !
R — L
fo;j ;k — ék A kl;j ;k l.j ‘k

211

NI D

ik
L
where A 1j:k IS the Left areavectorassaeiatedwith
cell (1;j; k), and ?_j_k IS the extrapolatedintensity
?1 ’
assaiatedwith the boundaryface.

This completesthe deriation of our discretization
stheme.
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Solution of the Equations

We usepreconditioned€onjugate-gradi¢mmethal to
sole our equationson an unstructured hexahedral
mesh.

The operatorusedfor preconditionings a 7-point pure
cell-cetered discretizationthat resultsfrom our full
sthhemewhenthe o -diagonalcommners of the ma-
tricesaresetto zero. This is completelyanalogouso
the preconditioneusedin [2].

The conjugate-gradi¢rmethad is alsobe usedto solhe
the preconditioningequations.
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Computational Results

We have performeda set of calculationantendedto
demonstratdéhat our support-operatorsmethal con-
vergeswith second-ordesiccuracyfor a problemwith
a materialdiscominuity anda non-smoth mesh.

Therearetwo typesof meshesisedin all of the calcu-
lations: orthogonaknd random.

Every meshgeometricallynodelsa unit cube, andthe
outer surfaceof eath meshconformsexactly to the
outersurfaceof that cule.

Ead orthogonalmeshis compsedof uniform cubic
cellshaving a characteristidength, | c.
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Computational Results (Cont.)

The randommeshesepresenrandomlydistortedor-
thogonalgrids. In particular,eat vertexon the mesh
interior is randomlyrelocated within a sphereof ra-
diusrg, whererg = 0:29.. Theserandommeshesre
both non-smoth andskewed, but thesepropertiesare
apprximately constah independen of the meshsize.

Theproblemassaiatedwith the rst setofcalculations
canbe descriled asfollows:

D(z)% = Qz? ;
forz 2 [0; 1], where

D(z) = D4 ;forz 2 [C0O5]
= Do ;forz 2 [05 1]

with anextrapolatedzerointensiy atz = 1+ 2D and

z= 2D,andwhereDq = 3—10, Doy = 3—10, andQ = 1.
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Computational Results (Cont.)

The exactsolutionto this two-materialproblemis:

= a+bz+cyz* ;forz 2 [0,0:5]
= a+ cyz* ;forz 2 [05; L0}

where
,_Qu+8y Q2 Dy
12D 5 ’ 19D 1D - ’
C1= 2 , C2 = 2
12D 1 12D -

This problemis solhedin 3-Donaunit cube havingthe
extrapolatedconditionononesideofthe cubetogether
with re ecting conditionson the remainingv e sides.

We have performedseeral calculationsfor the two-
materialproblemwith meshe®f varioussizes.

Ead calculatiorusesa meshwith anaveragecellwidth
that is half that of the preceedingalculation.
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Computational Results (Cont.)

Therelative L 5 intensily errorwascomputedor ead
calculationandis plotted asa function of averagecell
lengthin Fig.5togetherwith a linear t to the loga-
rithm of the errorasa functionof the logarithmof the
averagecelllength.

The slope of this linearfunctionis 1.98.

Perfect second-ordercorvergencecorrespnds to a
slope of 2.0.

Thuswe concluddhat our supprt operatorsdi usion
sthemecorvergeswith second-ordeaccuracyfor the
two-materialproblemon randommeshes.
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Figure5: LogarithmicPlot of Error VersusCell Width
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Future Work

We intend to investigatealgebraicmultigrid methals
for solvingour preconditioningequationson unstruc-
tured grids.

We intendto look at a moresophisticate®-point pure
cell-ceteredpreconditioner.

Weintendto investigatahe performancefoursdieme
on highly non-linearmproblems.
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