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Supp ort Operator Metho d Prop erties

It hasa local stencil.

It hasboth cell-ceteredandface-ceteredunknavns.
It is conserative.

Material discominuities aretreatedrigorously

It generatea symmetricpositive de nite matrix.

It Is second-ordeaccurate.

It reducedo the standarddi erencingsdiemeif the
meshis orthogonal.

It is not exactfor linearfunctions.
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Mesh Description

Multi-DimensionaMesh:;

Dimension Geometries| Type of Elemets
1-D spherical, | line segmets
cylindrical
or cartesian
2-D cylindrical | quadrilateralor triangles
or cartesian
3-D cartesian | hexahedraor degenerate

hexahedra (tetrahedra,

prisms,pyramids)

| =4

all with an unstructured (arbitrarily connected)format.

N/

This presetation will assume 3-D mesh.
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Diusion Equation Set

% r' D r! + =95
Which canbe written
%+ r! FI + =S
FI = D r!
Where
= Intensiy
F! = Flux
D = Di usion Coe cient
= Time Derivative Coe cient
= Remaeal Coe cient
S = Intensiy Sourcelerm
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Discretization Strategy

{ Integratethe Di usion Equation
over a cell,andtemporally discretizevia BakwardsEuler:

n+1 n X ! |
+1 '
" Ve+  FO{T Ac
f

+ ¢ g7Ve= S0V
{ Flux continuity at eery face:
! | !
Fé‘ffll Aci;flz Fcnzﬁlz A(:.2;1‘2
{ Robincondition:
! |
% c;f (%F(?;erl A(-:;f = g b
Notethat:

This discretizatiorwill be inheretly conserative.

No deriativesare taken acrosamaterialboundarieq
a rigoroustreatmert.

- |
Fg‘;;“l Ac:t remaingo be de ned(in termsof ).
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Discretization Strategy

Unknovnsfor arelocatedat the cell certersandthe cell
faces.Cell Equationswill involve theseseenunknavns:

»\‘,_.....----"\.-r‘

FaceEquationswill involvethe thirteenunknavnsfromtwo
adjacencells:

Lo A L R Y

This givesa local stencilin termsof cell-ceter andcell-face
unknawns.

: |
The Fé‘.fﬂ Act terms,oneat faceof a cell, muststill be
de nedin termsofthe 's within that cell.
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Supp ort Operator Metho d Deriv ation:
Outline

The Supprt OperatorMethad for Di usion on Hexahedra:

! !
Represanthediusionterm(r D r ) asthe

! |
divergencé r ) ofagradien (r )

Explicitly de ne oneof the operators(in this casethe
divergenceperator)

De ne the remainingoperator (in this casethe gradi-
en operator)asthediscreteadjoirt ofthe rst operator

Thepreviousstepisaccomplisheby discretizing por-
tion of a vectoridertity

In other words,the rst operatoris setup explicitly, and
the seconaperatorisde nedin termsofthe rst operator's
de nition.
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Supp ort Operator Metho d Deriv ation

Startingwith a vectoridentity,
!

| !
r W = r W+W r |

!
where isthe scalarvariableto be di used and W is an
arbitrary vector,integrateover a cellvolume:
Z o0 Z !

r wdv+ W rr dV:
C C
Ead coloredterm in the equationabove will be treated
separately
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Supp ort Operator Metho d Deriv ation

The term canbe transformedvia Gauss'sTheorem
into a surfacantegral,

This is discretizednto valuesde ned on eat faceof the
hexahedratell,

: P .. :
Thesummatioroverfaceq ¢) includesixfaceg+k, Kk,
+1, |,+m, m), shavn herefor the intensity variable :

Syttt &3
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Supp ort Operator Metho d Deriv ation

The Redterm is apprximated by rst assuminghat

Is constah over the cell (at the cerer value), and then
performinga discretizationsimilar to the previousonefor
the term:

z ! | Z |
r W dv c r Wdv,;

C C

o

= C w dA ;

S

X 1

c Wi Ag
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Supp ort Operator Metho d Deriv ation

Turningto the nal Blueterm, insertthe de nition of the
ux,

F= Dr ;

Z | |
W r dVv = D w E dv:
C C

Notethat by de ning the ux in termsof the remainderof
the equation,the gradien is beingde nedin termsof the
divergence.

The Bluetermis discretizedy ewaluatingthe integrandat
eat of the cellnodes(octarts in 3-D) and summing:

Z | | X | |
1\x : Iy ' .
D lw FE dv D,™Wn EnVn:

C n
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Supp ort Operator Metho d Deriv ation

Conbining all of the discretizedermsof the coloredequa-
tion and changingto a linearalgebrarepresetation gives

X X
¢ W/A; D, W [ FnVh:
f n

Rearrangindermsgives

X X
D, W [ FnVp = c 1 W{A;:
n f

Note that the right hand sideis a sumover the six faces,
but the left handsideis a sumover the eigh nodes.
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Supp ort Operator Metho d Deriv ation

In orderto expresshe node-ceteredvectors\ W nh andFnp,
in termsof their face-ceteredcournerparts,de ne

2
1Af1
TWn g 2Af2§ )

WA 3

wheref 1,f 2,andf 3 arethe facesadjacento noden and
the Jacobiammatrix is the squarematrix given by

h i
Jn= Af1 Af2 Af3
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Supp ort Operator Metho d Deriv ation

Usingthis de nition for the node-ceteredvectorswW n and
Fn andperformingsomealgebraiananipulationgesultsin

2 3T 2
WflAfl FflAfl
1Vn§ 2Af2§ g At 2 vTe .
3Af3 3Af3

wherethe sumover facehasbeenwritten asa dot product
of W and €, which arede ned by

2 T 2 3
WiA1 (c 1)
W A2 (¢ 2
W WiA3 e (c 3
W A4 (c 4
W{IAsg (¢ 5
W lAg (c o
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Supp ort Operator Metho d Deriv ation

To corvert the shortvectorsinvolvingthe facesadjacento
a particular node into sparsdong vectorsinvolving all of
the facesof the cell, de ne pernutation matricesfor eat
node,Pn, sut that

N

WA,
T
2 3 W2A2
WleAfl
wWlAj3
W{A127=PnR — £=PnW;
Wit
WIAS
W lAg
where for example,
2 3
001000 _
if f 1(n) = 3,
Ph=2000010 f2(n) =5,
andf 3(n) = 2.

010000

Notethat P isrectangularwith asizeof Ny N (3 6
for3-D,2 4for2-D,1 2forl-D).
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Supp ort Operator Metho d Deriv ation

Usingthe pernrutation matricesandde ning E in afashion
similarto W (E isavectorofFfTAf foread cellface) gives

X
D, VoW TP 3, 13, TPE=WTe
n
or
. y
W'  D,wPlI L, TP E=WWTE
n
or
Wise=WTe;
where
X
S=  D,WaP!J B, TPh:

n

!
The originalvector W (on which W andW arebased)
wasan arbitrary vector. It cannow be eliminatedfrom the
equationto give

SE = €

whid caneasilybe invertedto give the uxes (dotted into
the areas)in termsof the -dierencesf = S 1€. This

Is exactly the form neededfor the discretizationof the
| !
F(?;;’l Acs term.
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Supp ort Operator Metho d Deriv ation:
SPD Pro of

The matrix S is symmetric since
. #r
D, VnPr3, 1, TP
X h i
.
= D,Vn P13, %, TP
n
h i h -
D,WnJ,Pn PlI, 1

st X

X
X'
= DyVhPr'3,%9, TP
n

= S

The matrix S is positive de nite, since
X

X1Sx = D, Wnx"P}J, 13, TPhx
4 h i+ h i
T
DpWn J, TPax 3, TPnx

X

X!
= D, Wn J, "Pnx
n 2

> 0 ifDyVph> 0andJ, "Pnx 60

If Sis SPD,thenS 1isalsosymmetricpositive de nite.

This is necessayybut not su cient, to proving that the
ertire methal is SPD.Sedhe assaiatedpaper for the gory
details.
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Second-Order Demonstration

Two-material problem, ratio = 10, GMRES/CG, Low-
OrderPreconditioner, = 10 10 56 =10 9, SO

ProblemSize(cells) kkexaCt {(kz Error Ratio
exacn?

2 2 2 7.4950 10 2

4 4 4 2.4163 10 2 3.10

8 8 8 5.5245 10 3 4.37
16 16 16 1.5467 10 3 3.57
32 32 32 3.6797 10 4 4.20
64 64 64 9.6113 10 ° 3.82

Support Operator Method Results

for 3-D Random(0.5) Two-Material Problem
10" ¢ — : —

o
10°
O

: (@]
= 10° <
u—o O

10° o

O Data Points
Fitted Curve: Error = 0.3661 Width*®
10° . L
0.010 0.100 1.000

Average Cell Width (cm)
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Summary

The Support OperatorMethadologyhasbeenextended
to 3-D UnstructuredHexahedraMeshes.

It hasa local stencil,with both cell-ceteredand face-
ceneredunknavns.

It IS conserative and material discotinuities are
treatedrigorously

It generatea symmetricpositive de nite matrix.
It is second-ordeaccurate.

It reducedo the standarddi erencingsdhemeif the
meshis orthogonal.
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