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Augustus: Diusion (P4q) Equation Set

Which canbe written

1
Q+rF+ =S

@
! !
F = Dr + J
Where

Intensity

F = Flux

D = Di usion Coe cient
= Time Derivative Coe cient
= Remal Coe cient

S = Intensity Sourcelerm

J = Flux Sourcelerm
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Augustus Mesh Description

Multi-DimensionaMesh:;

Dimension Geometries| Type of Elemets
1-D spherical, | line segmets
cylindrical
or cartesian
2-D cylindrical | quadrilateralor triangles
or cartesian
3-D cartesian | hexahedraor degenerate

hexahedra (tetrahedra,

prisms,pyramids)

| =4

all with an unstructured (arbitrarily connected)format.

N/

This presetation will assume 3-D mesh.
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Augustus Metho d Overview
SpatialDiscretization

{ Morel-Hallasymmetriai usion discretization

{ Support Operatorsymmetricdi usion discretization
Temporal Discretization

{ BadkwardsEulerimplicit discretization

Matrix Solution

{ Krylov Subspacé#erative Methads

JTpak: GMRES,BCGS, TFQMR, CG
Preconditioners:

JTpadk: Jacobi,SSOR|LU

Low-orderversionof Morel-Hallor Support Opera-
tor discretizatiorthat is a smaller,symmetricsys-
temandis sohedby CG with SSOR(from JTpadk)

{ IncompleteDirect Methad - UMFPACK

Augustugs usedasthedi usion kernelforthe SpartanSPy
pakageandthe Magrum MHD padkage
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Diusion Discretization References

Morel-HallAsymmetricMethad
{ Descriedin

Michael L. Hall, and Jim E. Morel. A Second-OrderCell-
CerteredDi usion Di erencing Sthemefor Unstructured Hex-
ahedral Lagrangian Meshes. In Proceedingsof the 1996
Nuclear Explosives Code Dewelopers Conference(NECDC),

UCRL-MI-12479Q pages 359{375, San Diego, CA, Octo-
ber 21{25 1996. LA-UR-97-8.

whid is an extensiorof

J. E. Morel, J. E. Dendy, Jr., MichaelL. Hall, and StephenW.
White. A Cell-Certered Lagrangian-MeshDi usion Di erenc-

ing Sheme. Journal of Computational Physics, 103(2):286-
299, Decenber 1992.

to 3-D unstructuredmeshesyith an alternatederiation.
Support Operator SymmetricMethad:

{ Extensionof the methal descriledin

Mikhail Shashlv and Stanly Steinberg. Solving Di usion
Equations with Rough Coe cien ts in Rough Grids. Journal
of Computational Physics,129:383-4051996.

to 3-D unstructuredmeshesyith an alternatederivation.
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Supp ort Operator Metho d Deriv ation:
Outline

The Supprt OperatorMethad for Di usion on Hexahedra:

! !
Represanthediusionterm(r D r ) asthe

! |
divergencé r ) ofagradien (r )

Explicitly de ne oneof the operators(in this casethe
divergenceperator)

De ne the remainingoperator (in this casethe gradi-
en operator)asthediscreteadjoirt ofthe rst operator

Thepreviousstepisaccomplisheby discretizing por-
tion of a vectoridertity

In other words,the rst operatoris setup explicitly, and
the seconaperatorisde nedin termsofthe rst operator's
de nition.

7 of 26



Supp ort Operator Metho d Deriv ation

Startingwith a vectoridentity,

! ! !
r W = r W+W r ;
. . . L
where is the scalarvariableto be di used and W is an
arbitrary vector,integrateover a cellvolume:
Zo Z !
r wdv+ w rr dV:
C C

Ead coloredterm in the equationabove will be treated
separately

Aside: note that, if inner productsfor scalarsand vectorsare de ned
by
D E £ ! ! z ! !
a,b = abdvand A;B = A B dV;
Cc (o
andif = 0onthe boundarysud that the term vanishesthen
this equationbecomeshe de nition of an adjoirt,

rwW; o= Wiro;

which shavsthat the divergences the negatie adjoirt ofthe gradien.
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Supp ort Operator Metho d Deriv ation

The term canbe transformedvia Gauss'sTheorem
into a surfacantegral,

This is discretizednto valuesde ned on eat faceof the
hexahedratell,

: P .. :
Thesummatioroverfaceq ¢) includesixfaceg+k, Kk,
+1, |,+m, m), shavn herefor the intensity variable :

Syttt &3
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Supp ort Operator Metho d Deriv ation

The Redterm is apprximated by rst assuminghat

Is constah over the cell (at the cerer value), and then
performinga discretizationsimilar to the previousonefor
the term:

z ! | Z |
r W dv c r Wdv,;

C C

o

= C w dA ;

S

X 1

c Wi Ag
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Supp ort Operator Metho d Deriv ation

Turningto the nal Blueterm, insertthe de nition of the
ux ,

F = Dr ;

z ., Z

! ! ! !
W r dV = D lw FE dv:
C C

Notethat by de ning the ux in termsof the remainderof
the equation,the gradien is beingde nedin termsof the
divergence.

The Bluetermis discretizedy ewaluatingthe integrandat
ead of the cellnodes(octarts in 3-D) and summing:

Z | X |

! ! !
D 'w F dv D,'Wn FnVn:
c n

|
the J term, whid is necessarfor a P1 soher, is omitted hereand
is treatedexplicitly in the overall di usion equation
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Supp ort Operator Metho d Deriv ation

Conbining all of the discretizedermsof the coloredequa-
tion and changingto a linearalgebrarepresetation gives

X X
¢ W/A; D, W [ FnVh:
f n

Rearrangindermsgives

X X
D, W [ FnVp = c 1 W{A;:
n f

Note that the right hand sideis a sumover the six faces,
but the left handsideis a sumover the eigh nodes.
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Supp ort Operator Metho d Deriv ation

In orderto expresshe node-ceteredvectors\ W nh andFnp,
in termsof their face-ceteredcournerparts,de ne

2
1Af1
TWn g 2Af2§ )

WA 3

wheref 1,f 2,andf 3 arethe facesadjacento noden and
the Jacobiammatrix is the squarematrix given by

h i
Jn= Af1 Af2 Af3
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Supp ort Operator Metho d Deriv ation

Usingthis de nition for the node-ceteredvectorswW n and
Fn andperformingsomealgebraiananipulationgesultsin

2 3T 2
WleAfl FflAfl
DnlvnngZAf2§ g 2Af2§ WTG:
W A3 F{aAt3

wherethe sumover faceshasbeenwritten asa dot product
of W and €, which arede ned by

2 2
WA (¢ 2
E WA, E (c 2
, €=
.
Wing AN C Ny

Nt isthe total number of local faceswhid is equalto 6 in 3-D.
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Supp ort Operator Metho d Deriv ation
To corvert the shortvectorsinvolvingthe facesadjacehto

a particular node into sparsdong vectorsinvolving all of

the facesof the cell, de ne pernutation matricesfor eat
node,Pn, sut that

WflAfl

2
g zAfzg—Pn\f/V;

W Af3

where for example,

2O 0100 O3
iff1(n) = 3,
=g000010O0 f2(n) =5,
andf 3(n) = 2.
010000

Notethat P isrectangularwith asizeof Ny N (3 6
for3-D,2 4for2-D,1 2for1-D).
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Supp ort Operator Metho d Deriv ation

Usingthe perrrutation matricesandde ning E in afashion
similarto W (E isavectorofFfTAf foread cellface) gives

X
D, VoW TP 3, 13, TPE=WTe
n
or
. "
W'  D,vaPl3 B, TPh E=WTE
n
or
Wwise=¥WTe .
where
X
S= D,WaPlJ 1, TP

n

!
The originalvector W (on which W; andW arebased)
wasan arbitrary vector. It cannow be eliminatedfrom the
equationto give

SE = €

whidh caneasilybe invertedto give the uxes (dotted into
the areas)in termsofthe -dierencesf = S 1€, This
Is exactlythe form neededor discretizatiorof the di usion
term within Augustus.
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Supp ort Operator Metho d Deriv ation:
SPD Pro of

The matrix S is symmetric since
" #
X 1 T 11 T !
& h i

.
= D, Vn P11, TP

n
h i h i

D,WnhJ,Pn PlI, 1

ST

X
X'
= DyWVhPR'3,%9, TP
n
= S
The matrix S is positive de nite, since
X
x1Sx = Dy Wnx P33, TPhx
n h i h .
D Wh 3 TPax T 3 TPax.
X'
= D, Wn J,Pnx
n 2
> 0 ifDyVp> 0andJ, "Pnx 60

If Sis SPD,thenS 1isalsosymmetricpositive de nite.
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Comparison to
Morel-Hall Asymmetric Metho d

For anorthogonaprid, the ux out of afacecanbede ned
simplyas

FIA: = Dy As

But for a skewed grid, this is incorrect.

The Supprt Operator Methad correctsthe left hand side
of the equation,de ning eath  di erencein terms of all
the face uxes:

X

#

D,VhPl3 23, TP, BE= €
n

TheMorel-HallAsymmetricMethad correctgheright hand
sideof the equation,de ning eat face ux in termsof all

ofthe dierences:
h i1
FlA; = DfJ TP;e Af:
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Supp ort Operator Metho d Prop erties

It is conserative.

Material discominuities aretreatedrigorously

It generates symmetricpositive de nite matrix.

It is second-ordeaccurate.

It hasboth cell-ceteredandface-cateredunknavns.
It hasa local stencil.

It reducedo the standarddi erencing sthhemeif the
meshis orthogonal.

It is not exactfor linearfunctions.

The Morel-Hall asymmetricmethal does not sharethe
propertiesspeci edin Blue above.
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Second-Order Demonstration

Supprt OperatorMethad:
ProblemSize(cells) kkexaCt kkz Error Ratio
exacut?2

2 2 2 7.4950 10 2

4 4 4 2.4163 10 2 3.10

8 8 8 5.5245 10 3 4.37
16 16 16 1.5467 10 3 3.57
32 32 32 3.6797 10 4 4.20
64 64 64 9.6113 10 ° 3.82

Morel-HallAsymmetricMethad:

ProblemSize(cells) kkexaCt {(kz Error Ratio
exacut?2

2 2 2 7.4350 10 2

4 4 4 2.4044 10 2 3.09

8 8 8 5.4575 10 3 4.41
16 16 16 1.5256 10 3 3.58
32 32 32 |3.696010 4 4.12
64 64 64 9.5032 10 ° 3.88

Two-material problem, ratio = 10, GMRES/CG, Low-
OrderPreconditioner, = 10 10 ;o= 10 °
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Kersha w-Squared Mesh
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Solution Time (s)

Matrix Solution Time Comparison

Diffusion Matrix Solution Summary

10 cell Kershaw-Mesh Steady-State Marshak Wave Problem
6.0

- Morel-Hall Asymmetric Method (solved by Bi-CGSTAB)
I support Operator Method (solved by CG)

4.0 -
Parallelizable
Methods

Inherently Serial
Methods

0.0 Orig/(None,Diag) (RCM,MMD)/(ILU,IC) (Orig,MMD,MCL,GND)/(FSAI,AINV,AIB)
Ordering/Preconditioner Choice

This is a summaryof extensie calculationsghat were doneby
LANL CIC-19: MicheleBenzi,Mike Delong,et al. Only the ve
besttimesfor eat categoryareshavn.

All above runsweredoneon a SunUltra 2, solvedto the same
tolerance.

Matrix set-uptime is NOT included.

An AMG run onthis problemon onenode of an SGI Origin 2000
took 4 second®n the MH discretizationand failed on the SO
discretization.

22 of 26



Solution Time (s)

Matrix Solution Time Comparison

Diffusion Matrix Solution Summary
200 celf Random Mesh Steady State 2 Material Problem

800.0
- Morel Hall Asymmetric Method (solved by Bi CGSTAB)
B support Operator Method (solved by CG)
600.0 | 1
(Matrix already scaled) Parallelizable
Methods

400.0

Inherently Serial
Methods

200.0

0.0 Orig/(None,Diag) (Orig,RCM,MMD)/(ILU,IC) (Orig, MMD,MCL,GND)/(FSAI,AINV,AIB)
Ordering/Preconditioner Choice

This is a summaryof extensie calculationshat were doneby
LANL CIC-19: MicheleBenzi,Mike Delong,et al. Only the ve
besttimesfor eat categoryareshavn.

All above runsweredoneon a SunUltra 2, solvedto the same
tolerance.

Matrix set-uptime is NOT included.

An AMG run onthis problemononenode of an SGI Origin 2000
took 124 second®n the MH discretizationand 995second®n
the SOdiscretization.
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Solution Time (s)

Matrix Solution Time Comparison

Diffusion Matrix Solution Summary
10 cell Kershaw Mesh Steady State Marshak Wave Problem

Il Vorel Hall Asymmetric Method (solved by GMRES)
Il Support Operator Method (solved by CG)

30.0

20.0

10.0

0.0

None Scaling Jacobi (3) SSOR ILU Low Order UMFPACK
Preconditioner (or Alternate Solver)

Theseresultsweregeneratedrom the Augustuscadeitself, using
JTpak and UMFPACK.

All above runsweredoneona SunUltra 1/170. All of the Krylov
soles had a toleranceof 10 /, but the UMFPACK sole was
accurateo madineprecisionabout 10 12,

Matrix set-uptime 1S included.
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Solution Time (s)

10

10

10"

10° :

Matrix Solution Scalabilit y

Diffusion Matrix Scalability
Kershaw Mesh Steady State Marshak Wave Problem

—— Morel Hall Asymmetric Method (Total Time)

—— Morel Hall Asymmetric Method (Solve Time)
Support Operator Method (Total Time)
—— Support Operator Method (Solve Time)

1 ' 10 ' 100
Cells on an Edge of the Cube

Theseresultsweregeneratedrom the Augustuscadeitself, using
JTpadk, ona SunUltra 1/170,with atoleranceof 10 7, usingthe
low-orderpreconditioneand CG or GMRES.

Set-UpTime, Solhe Time andTotal Time scaleaccordindo (edge
cells§, whidh is linearin total number of cells,for both methals.

Matrix set-uptimeis 16%for MH and 21%for SO.
Ratio of MH to SOis: Total Time - 70%,Sole Time - 75%.

The precedingstatemets are for mid-range{ valuesarelessac-
curateat the extremes.
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Conclusions

The Support OperatorMethadologyhasbeenextended
to 3-D UnstructuredHexahedraMeshes.

For standardpreconditionerssolutiontimesfor SOare
slightly better than MH.

For the specializedow-orderpreconditionerssolution
timesfor SOareslighly worsethan MH.

Vanilla AMG worksmud better on MH than SO.

Both methalsprovide second-ordexccuratesolutions.

Future Work:

Parallel versionsof Augustusand Spartan(a multi-group
SHy padkage)arebeingdeweloped.
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