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Augustus: Di�usion (P1) Equation Set
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Where

� = Intensity
� !
F = Flux

D = Di�usion Coe�cient

� = Time Derivative Coe�cient

� = Removal Coe�cient

S = Intensity SourceTerm
� !
J = Flux SourceTerm
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Augustus Mesh Description

Multi-DimensionalMesh:

Dimension Geometries Type of Elements
1-D spherical,

cylindrical
or cartesian

line segments

2-D cylindrical
or cartesian

quadrilateralsor triangles

3-D cartesian hexahedraor degenerate
hexahedra (tetrahedra,
prisms,pyramids)

all with an unstructured (arbitrarily connected)format.

This presentation will assumea 3-D mesh.
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Augustus Metho d Overview
� SpatialDiscretization

{ Morel-Hallasymmetricdi�usion discretization

{ Support Operatorsymmetricdi�usion discretization

� Temporal Discretization

{ BackwardsEuler implicit discretization

� Matrix Solution

{ Krylov SubspaceIterative Methods

� JTpack: GMRES,BCGS,TFQMR, CG
� Preconditioners:

� JTpack: Jacobi,SSOR,ILU
� Low-orderversionof Morel-Hallor Support Opera-

tor discretizationthat is a smaller,symmetricsys-
temandissolvedby CGwith SSOR(fromJTpack)

{ IncompleteDirect Method - UMFPACK

� Augustusisusedasthedi�usion kernelfor theSpartanSPN
packageandthe Magnum MHD package
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Di�usion Discretization References

� Morel-HallAsymmetricMethod

{ Describedin

Michael L. Hall, and Jim E. Morel. A Second-OrderCell-
CenteredDi�usion Di�erencing Schemefor Unstructured Hex-
ahedral Lagrangian Meshes. In Proceedingsof the 1996
Nuclear Explosives Code Developers Conference(NECDC),
UCRL-MI-124790, pages 359{375, San Diego, CA, Octo-
ber 21{25 1996. LA-UR-97-8.

which is an extensionof

J. E. Morel, J. E. Dendy, Jr., MichaelL. Hall, and StephenW.
White. A Cell-CenteredLagrangian-MeshDi�usion Di�erenc-
ing Scheme. Journal of Computational Physics, 103(2):286-
299,December 1992.

to 3-D unstructuredmeshes,with an alternatederivation.

� Support OperatorSymmetricMethod:

{ Extensionof the method describedin

Mikhail Shashkov and Stanly Steinberg. Solving Di�usion
Equations with Rough Coe�cien ts in Rough Grids. Journal
of Computational Physics,129:383-405,1996.

to 3-D unstructuredmeshes,with an alternatederivation.
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Supp ort Op erator Metho d Deriv ation:
Outline

TheSupport OperatorMethod for Di�usion onHexahedra:

� Represent the di�usion term (
� !
r �D

� !
r �) asthe

divergence(
� !
r �) of a gradient (

� !
r )

� Explicitly de�ne oneof the operators(in this case,the
divergenceoperator)

� De�ne the remainingoperator(in this case,the gradi-
ent operator)asthediscreteadjoint of the�rst operator

� Thepreviousstepisaccomplishedby discretizingapor-
tion of a vectoridentit y

In other words, the �rst operator is set up explicitly, and
thesecondoperatorisde�nedin termsof the�rst operator's
de�nition.
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Supp ort Op erator Metho d Deriv ation

Startingwith a vectoridentit y,

� !
r �
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� !
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� !
r �

� !
W +

� !
W �

� !
r � ;

where� is the scalarvariableto be di�used and
� !
W is an

arbitrary vector,integrateover a cellvolume:
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� !
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� !
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c

� !
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� !
r � dV :

Each coloredterm in the equationabove will be treated
separately.

Aside: note that, if inner productsfor scalarsand vectorsarede�ned
by

D
a; b

E
=

Z

c
abdV and

�
� !
A ;

� !
B

�
=

Z

c

� !
A �

� !
B dV ;

andif � = 0 on the boundary, such that the Greenterm vanishes,then
this equationbecomesthe de�nition of an adjoint,

�
�

� !
r �

� !
W ; �

�
=

�
� !
W ;

� !
r �

�
;

which showsthat thedivergenceis thenegativeadjoint of thegradient.
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Supp ort Op erator Metho d Deriv ation

The Greenterm canbe transformedvia Gauss'sTheorem
into a surfaceintegral,
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� !
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!
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I

S

 

�
� !
W

!

�
� !
dA :

This is discretizedinto valuesde�ned on each faceof the
hexahedralcell,

I
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� !
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A f :

Thesummationoverfaces(
P

f ) includessixfaces(+ k, � k,
+ l , � l , +m , � m ), shown herefor the intensity variable� :
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Supp ort Op erator Metho d Deriv ation

The Red term is approximated by �rst assumingthat �
is constant over the cell (at the center value), and then
performinga discretizationsimilar to the previousonefor
the Greenterm:

Z
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� !
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� !
W dV � � c

Z

c

� !
r �

� !
W dV ;

= � c

I

S

� !
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� !
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� � c
X

f

� !
Wf �

� !
A f :
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Supp ort Op erator Metho d Deriv ation

Turning to the �nal Blue term, insert the de�nition of the

ux � ,

� !
F = � D

� !
r � ;

to get

Z

c

� !
W �

� !
r � dV = �

Z

c
D � 1� !

W �
� !
F dV :

Notethat by de�ning the 
ux in termsof the remainderof
the equation,the gradient is beingde�ned in termsof the
divergence.

The Blueterm is discretizedby evaluatingthe integrandat
each of the cellnodes(octants in 3-D) andsumming:

�
Z

c
D � 1� !

W �
� !
F dV � �

X

n
D � 1

n
� !
Wn �

� !
Fn Vn :

� the
� !
J term, which is necessaryfor a P1 solver, is omitted hereand

is treatedexplicitly in the overall di�usion equation
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Supp ort Op erator Metho d Deriv ation

Combiningall of the discretizedtermsof the coloredequa-
tion andchangingto a linearalgebrarepresentation gives

X

f
� f W T

f A f = � c
X

f
W T

f A f �
X

n
D � 1

n W T
n FnVn :

Rearrangingtermsgives

X

n
D � 1

n W T
n FnVn =

X

f

�
� c � � f

�
W T

f A f :

Note that the right handsideis a sumover the six faces,
but the left handsideis a sumover the eight nodes.
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Supp ort Op erator Metho d Deriv ation

�
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A f3W
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f1

f2

f1

A

f1A

W

f3

Af1

Wn

WT A WT A
f3 f3 f2 f2

In orderto expressthe node-centeredvectors,W n andFn ,
in termsof their face-centeredcounterparts,de�ne

JT
nW n �

2

6
6
6
6
6
4

W T
f 1A f 1

W T
f 2A f 2

W T
f 3A f 3

3

7
7
7
7
7
5

;

wheref 1, f 2, and f 3 arethe facesadjacent to noden and
the Jacobianmatrix is the squarematrix givenby

Jn =
h

A f 1 A f 2 A f 3

i
:
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Supp ort Op erator Metho d Deriv ation

Usingthis de�nition for the node-centeredvectorsW n and
Fn andperformingsomealgebraicmanipulationsresultsin

X

n
D � 1

n Vn

2

6
6
6
6
6
4

W T
f 1A f 1

W T
f 2A f 2

W T
f 3A f 3

3

7
7
7
7
7
5

T

J � 1
n J � T

n

2

6
6
6
6
6
4

FT
f 1A f 1

FT
f 2A f 2

FT
f 3A f 3

3

7
7
7
7
7
5

= fW T e� :

wherethe sumover faceshasbeenwritten asa dot product
of fW and e� , which arede�nedby

fW =

2

6
6
6
6
6
6
6
6
6
6
4

W T
1 A 1

W T
2 A 2

...

W T
N l f

A N l f

3

7
7
7
7
7
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7
7
7
5

; e� =

2

6
6
6
6
6
6
6
6
6
4

(� c � � 1)

(� c � � 2)

...
�
� c � � N l f

�

3

7
7
7
7
7
7
7
7
7
5

:

N l f is the total number of local faces,which is equalto 6 in 3-D.
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Supp ort Op erator Metho d Deriv ation

To convert the shortvectorsinvolvingthe facesadjacent to
a particular node into sparselong vectorsinvolving all of
the facesof the cell, de�ne permutation matricesfor each
node,Pn , such that

2

6
6
6
6
6
4

W T
f 1A f 1

W T
f 2A f 2

W T
f 3A f 3

3

7
7
7
7
7
5

= Pn fW ;

where,for example,

Pn =

2

6
6
6
6
4

0 0 1 0 0 0

0 0 0 0 1 0

0 1 0 0 0 0

3

7
7
7
7
5

if f 1(n) = 3,
f 2(n) = 5,
and f 3(n) = 2.

Notethat Pn is rectangular,with a sizeof N d � N l f (3� 6
for 3-D,2 � 4 for 2-D,1 � 2 for 1-D).
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Supp ort Op erator Metho d Deriv ation

Usingthepermutationmatrices,andde�ning eF in a fashion
similarto fW ( eF isavectorofFT

f A f foreach cellface),gives

X

n
D � 1

n Vn fW TPT
nJ � 1

n J � T
n Pn eF = fW T e� ;

or

fW T
"

X

n
D � 1

n VnPT
nJ � 1

n J � T
n Pn

#
eF = fW T e� ;

or

fW TSeF = fW T e� ;

where

S =
X

n
D � 1

n VnPT
nJ � 1

n J � T
n Pn :

The originalvector
� !
W (on which W f and fW arebased)

wasan arbitrary vector. It cannow beeliminatedfrom the
equationto give

SeF = e� ;

which caneasilybe invertedto give the 
uxes (dotted into
the areas)in termsof the � -di�erences,eF = S� 1e� . This
is exactlythe formneededfor discretizationof the di�usion
term within Augustus.
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Supp ort Op erator Metho d Deriv ation:
SPD Pro of

The matrix S is symmetric,since

ST =

"
X

n
D � 1

n VnPT
nJ � 1

n J � T
n Pn

#T

=
X

n
D � 1

n Vn
h
PT

nJ � 1
n J � T

n Pn
i T

=
X

n
D � 1

n Vn
h
J � T

n Pn
i Th

PT
nJ � 1

n

i T

=
X

n
D � 1

n VnPn
TJ � 1

n J � T
n Pn

= S

The matrix S is positive de�nite, since

xTSx =
X

n
D � 1

n VnxTPT
nJ � 1

n J � T
n Pnx

=
X

n
D � 1

n Vn
h
J � T

n Pnx
i T h

J � T
n Pnx

i

=
X

n
D � 1

n Vn





 J � T

n Pnx







2

> 0 if D � 1
n Vn > 0 andJ � T

n Pnx 6= 0

If S is SPD,thenS� 1 is alsosymmetricpositive de�nite.

17 of 26



Comparison to
Morel-Hall Asymmetric Metho d

For anorthogonalgrid, the 
ux out of a facecanbede�ned
simplyas

FT
f A f = � D f

�
� f � � c

�

�
�
�r f � r c

�
�
�

A f :

But for a skewedgrid, this is incorrect.

The Support OperatorMethod correctsthe left handside
of the equation,de�ning each � di�erencein termsof all
the face
uxes:

"
X

n
D � 1

n VnPT
nJ � 1

n J � T
n Pn

#
eF = e� :

TheMorel-HallAsymmetricMethod correctstheright hand
sideof the equation,de�ning each face
ux in termsof all
of the � di�erences:

FT
f A f = � D f

h
J � TP f

e�
i T

A f :
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Supp ort Op erator Metho d Prop erties

� It is conservative.

� Materialdiscontinuitiesaretreatedrigorously.

� It generatesa symmetricpositive de�nite matrix.

� It is second-orderaccurate.

� It hasboth cell-centeredandface-centeredunknowns.

� It hasa local stencil.

� It reducesto the standarddi�erencingschemeif the
meshis orthogonal.

� It is not exactfor linearfunctions.

The Morel-Hall asymmetricmethod does not sharethe
propertiesspeci�ed in Blueabove.
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Second-Order Demonstration

Support OperatorMethod:

ProblemSize(cells) k� exact� � k2
k� exactk2

Error Ratio

2 � 2 � 2 7.4950� 10� 2

4 � 4 � 4 2.4163� 10� 2 3.10
8 � 8 � 8 5.5245� 10� 3 4.37

16� 16� 16 1.5467� 10� 3 3.57
32� 32� 32 3.6797� 10� 4 4.20
64� 64� 64 9.6113� 10� 5 3.82

Morel-HallAsymmetricMethod:

ProblemSize(cells) k� exact� � k2
k� exactk2

Error Ratio

2 � 2 � 2 7.4350� 10� 2

4 � 4 � 4 2.4044� 10� 2 3.09
8 � 8 � 8 5.4575� 10� 3 4.41

16� 16� 16 1.5256� 10� 3 3.58
32� 32� 32 3.6960� 10� 4 4.12
64� 64� 64 9.5032� 10� 5 3.88

Two-material problem, ratio = 10, GMRES/CG, Low-
OrderPreconditioner,� = 10� 10, � pr e = 10� 9
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Kersha w-Squared Mesh
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Matrix Solution Time Comparison

Orig/(None,Diag) (RCM,MMD)/(ILU,IC) (Orig,MMD,MCL,GND)/(FSAI,AINV,AIB)
Ordering/Preconditioner Choice
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Diffusion Matrix Solution Summary
10 cell

3
 Kershaw

2
-Mesh Steady-State Marshak Wave Problem

Morel-Hall Asymmetric Method (solved by Bi-CGSTAB)

Support Operator Method (solved by CG)

Inherently Serial
    Methods

Parallelizable
    Methods

� This is a summaryof extensive calculationsthat weredoneby
LANL CIC-19:MicheleBenzi,Mike Delong,et al. Only the �v e
besttimesfor each categoryareshown.

� All above runs weredoneon a SunUltra 2, solved to the same
tolerance.

� Matrix set-uptime is NOT included.

� An AMG run on this problemononenodeof anSGIOrigin 2000
took 4 secondson the MH discretizationand failed on the SO
discretization.
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Matrix Solution Time Comparison

Orig/(None,Diag) (Orig,RCM,MMD)/(ILU,IC) (Orig,MMD,MCL,GND)/(FSAI,AINV,AIB)
Ordering/Preconditioner Choice
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Diffusion Matrix Solution Summary
200 cell

2
 Random�Mesh Steady�State 2�Material Problem

Morel�Hall Asymmetric Method (solved by Bi�CGSTAB)

Support Operator Method (solved by CG)

Inherently Serial
    Methods

Parallelizable
    Methods

(Matrix already scaled)

� This is a summaryof extensive calculationsthat weredoneby
LANL CIC-19:MicheleBenzi,Mike Delong,et al. Only the �v e
besttimesfor each categoryareshown.

� All above runs weredoneon a SunUltra 2, solved to the same
tolerance.

� Matrix set-uptime is NOT included.

� An AMG run on this problemononenodeof anSGIOrigin 2000
took 124secondson the MH discretizationand 995secondson
the SOdiscretization.
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Matrix Solution Time Comparison

None Scaling Jacobi (3) SSOR ILU Low�Order UMFPACK
Preconditioner (or Alternate Solver)

0.0

10.0

20.0

30.0

S
ol

ut
io

n 
T

im
e 

(s
)

Diffusion Matrix Solution Summary
10 cell

3
 Kershaw

2
�Mesh Steady�State Marshak Wave Problem

Morel�Hall Asymmetric Method (solved by GMRES)

Support Operator Method (solved by CG)

� Theseresultsweregeneratedfromthe Augustuscodeitself,using
JTpack andUMFPACK.

� All aboverunsweredoneona SunUltra 1/170. All of the Krylov
solves had a toleranceof 10� 7, but the UMFPACK solve was
accurateto machineprecision,about 10� 12.

� Matrix set-uptime IS included.
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Matrix Solution Scalabilit y

1 10 100
Cells on an Edge of the Cube
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Diffusion Matrix Scalability
Kershaw

2
�Mesh Steady�State Marshak Wave Problem

Morel�Hall Asymmetric Method (Total Time)

Morel�Hall Asymmetric Method (Solve Time)

Support Operator Method (Total Time)

Support Operator Method (Solve Time)

� Theseresultsweregeneratedfromthe Augustuscodeitself,using
JTpack, ona SunUltra 1/170,with a toleranceof 10� 7, usingthe
low-orderpreconditionerandCG or GMRES.

� Set-UpTime,SolveTimeandTotal Timescaleaccordingto (edge
cells)3, which is linearin total number of cells,for both methods.

� Matrix set-uptime is � 16%for MH and� 21%for SO.

� Ratio of MH to SOis: Total Time - 70%,Solve Time - 75%.

� The precedingstatements arefor mid-range{ valuesare lessac-
curateat the extremes.
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Conclusions

� TheSupport OperatorMethodologyhasbeenextended
to 3-D UnstructuredHexahedralMeshes.

� For standardpreconditioners,solutiontimesfor SOare
slightly better than MH.

� For the specializedlow-orderpreconditioners,solution
timesfor SOareslightly worsethan MH.

� Vanilla AMG worksmuch better on MH than SO.

� Both methodsprovidesecond-orderaccuratesolutions.

Future Work:

Parallel versionsof Augustusand Spartan(a multi-group
SPN package)arebeingdeveloped.
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